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ABSTRACT. We build a family of entire solutions to the Allen-Cahn equation in RVN+1 for N > 3, whose
level set approaches the higher dimensional catenoid in a compact region and has two logarithmic ends
governed by the solutions to the Liouville equation.
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1. INTRODUCTION

In this work we construct entire bounded solutions to the semilinear elliptic equation
Au+u(l —u?) =0, in RVH! (1.1)

for any N > 3. Equation (|1.1) is the prototype equation in the gradient theory of phase transition
phenomena, developed by Allen-Cahn in [2]. Equation (|1.1)) also appears as the limit version of the singularly
perturbed equation
2 2y _ :
e“Av+v(l—0°)=0, inQ (1.2)
via the rescaling u(z) := v(ez) in the expanding domain e71Q, where ¢ > 0 is a small parameter and for
which solutions correspond to the critical points of the energy functional

€ 1
J.(v) :=§A|VU|Q+Z€L<1—U2)2.

In the typical situation in the phase transition phenonema modeled by equation , the function v
represents the phase of a material placed in the region 2. There are two stables phases represented by the
constant functions v = 1 each of which corresponds a single phase material and they are global minimizers
of the energy J.. It is then more interesting to study phases in which two different materials coexist. This
is equivalent to study solutions of connecting the two stables phases +1. A well known result due
to Modica, see [20], states that a family of local minimizers of J. with energy uniformly bounded must
converge in L'—sense to a function of the form

U (T) = X — Xnme
1
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where M C €, x is the characteristic function of a set and M has minimal perimeter. The intuition behind
this result was the keystone in the developments of the I'-convergence during the 70ths and lead to the
discovery of the deep connection between the Allen-Cahn equation and the Theory of Minimal surfaces. One
of the most important developments regarding this connection and concerning entire solutions of equation
is the celebrated conjecture due to E.De Giorgi, see [12].

DE GIORGI'S CONJECTURE, 1978: Level sets [u = )] of solutions u € L= (RN*1) to problem (T.1)) which
are monotone in one direction, must be parallel hyperplanes, at least if 1 < N < 7. That is equivalent to
saying that udepends only on one variable, i.e for some xo and some unit vector n,

u(z) =w(), t=(z—=z0) n (1.3)
where w(t) is the solution to the one dimensional Allen-Cahn equation

w’ +w(l—w?) =0, R, w(0)=0, w'(t) >0, w(foo)==+1. (1.4)

De Giorgi’s conjecture is in analogy with Bernstein problem which states that minimal hypersurfaces
that are graphs of entire functions of N variables must be hyperplanes. Bernstein Problem is known to be
true up to dimension N = 7, see [0} [ 111, 19]. Bombieri, DeGiorgi and Giusti in [7] proved that Bernstein’s
statement is false in dimensions IV > 8, by constructing a minimal graph in R® which is not a hyperplane.

De Giorgi’s has been proven to be true for N = 1 by Ghoussoub and Gui in [21], for N = 2 by Ambrosio
and Cabre in [4] and for 3 < N <7 by Savin in [29], under the additional assumption that

. /
;cN+11H—I>1ioo u(z', xyy1) = £1.

This conjecture was recently proven to be false for N > 8 by del Pino, Kowalczyk and Wei in [16]. The
authors used a large dilation of the Bombieri-De Giorgi-Giusti minimal graph constructed in dimensions
N = 8 as model for the nodal set of the solution they constructed together with a Lyapunov-Schmidth
Reduction procedure.

The monotonicity assumption in the De Giorgi’s conjecture is related to the stability properties of the
solutions of (|1.1)). In this regard, another type of stable solutions in high dimensions was provided by
Pacard and Wei in [30], in which the nodal set of these solutions resembles a large dilation of the Simons
Cone.

Stability properties of solutions u € L>(RN*!) to (1.1)) are studied through their Morse Index. The
Morse Index of u, m(u), is defined as the maximal dimension of a vector space E of compactly supported
functions v for which the quadratic form

Q)= [ VO = (=3 < 0. for v e B {0}

In 2009 a new family of solutions to the Allen-Cahn equation in R? was found by del Pino, Kowalczyk and
Wei in [13], in this case the nodal set of these solutions resembles a large dilation of a complete embedded
minimal surface with finite total curvature. Example of this kind of surfaces were found by Costa, Hoffman
and Meeks, see [24] [§, 23]. The assumption of finite total curvature implies that this type of surfaces have
finite Morse Index, a property that is inherited by these solutions and the two Morse indexes coincide. One
of these examples is the catenoidal solution having Morse index one and nodal set diverging at logarithmic
rate.

In [1], Agudelo, del Pino and Wei constructed two family of unstable solutions to equation in R3
both of them with nodal set having multiple connected components diverging at infinity at a logarithmic
reate. The first of these families having Morse Index one with nodal set ruled by the Toda System in R?
and the other one having large Morse index and with nodal set resembling, far away from a compact set, a
set of nested catenoids, having therefore a contrasting nature respect to the examples found in [I3].
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All the developments mentioned above show the strong connection between the Allen-Cahn equation
and the Minimal surfaces theory, but this connection has been only partly explored, in particular when
providing more examples of solutions to the Allen-Cahn Equation in high dimensions. On the other hand,
unlike dimension R? in which a large amount of examples of minimal surfaces exist and have been analyzed,
in higher dimensions RV, NV > 3, there are very few examples of minimal surfaces. The catenoid being
among the classical ones.

In this paper we explore the connection between the higher dimensional catenoid and the equation
for N > 3. To state our result we consider M to be the N—dimensional catenoid, which is described by the
graph of the axially symmetric functions +F where F' = F(|y|) is the unique increasing axially symmetric
solution to the minimal surface equation for graphs

F
V- <V> =0, |y >1, yeRY (1.5)

1+ |VF|?
with the initial conditions
F(1)=0, 0.F(1)=+c0.

The catenoid M has asymptotically parallel flat ends, a fact that is reflected in the asymptotics of the

function F
r2-N

N -2

F(r)y=T - + OLOQ(RN) (7*4*31\'), as r — 00 (1.6)

with
o 1
- / S S
1 Ve2VN=1) g
and this relations in (3.2]) can be differentiated, see [I8] and references therein.

At a first glance, one may think that the proper choice for the approximate nodal set of the solutions
predicted in our theorem would be a large dilated version of M, M, = ¢~ ' M, with € > 0 small. As pointed
out in [I3] and in section 7 of [20], this is not an appropriate global choice. Instead, the parallel ends of M,
must be perturbed in order to obtain a profile for the nodal set that will lead to good sizes in the error.

The rule governing this perturbation is the Liouville Equation

—2V2 Fe
eAF. —age™ = =0, forly|> R. (1.7)
where for some a > 0
V2T
R.~ac 'e =, ase—0.

The constant ag > 0 is given by
= ||’ 2 6(1 — 2(t)) V2t "(t)ydt >0
ao W L2 () A w evoiw

where the function w(t) is the solution of (1.4, which is given explicitly by w(t) = tanh(t/v/2).

We match the functions F and F. in a C' way by considering the additional initial conditions for F. at
r= R,

F.(R.)=T— R2°N +O(R3NY, 9,F.(R)=R:N+0 ( 2(17N))

N-—-2

from where it is possible to conclude that as r — oo

R6) = 5 <log (2g“0> + 2log(r) — log (2N — 2)) + wg(r)> (1.8)
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where the function w.(r) satisfies for r > R, that

_ N-2
c() 7. 3<N=9
—4
|7 8,0 (r)| + |@=(r)| << C log (FT) §R> . N=10 (1.9)
c (7) o N>11
where Ay > 0 is defined at (3.9) below.
Denote

r= (2, xy41) ERNY xR, r(x):=|2|,

and set

G(a') = (1 = x(l2'D)F (@) + xe(|2'[) Fe(ea’),  [a'] > 1
where Y. is the characteristic function of the set RY — Br_. Define X to be the revolution hypersurface,
resulting from the union of the graphs of +£G and X, a e~ ! dilation of ¥. The hypersurface ¥, is a connected
complete embedded orientable surface, splitting RVN*+! into two connected components. We will prove the
following theorem.

Theorem 1. For every N > 3 and any sufficiently small £ > 0 there exist a solution u. to equation (1.1
having the asymptotics

ue(z) = w(z)(1+0(1)), ase—0
uniformly on every compact subset of RN, where z is the normal direction to the largely dilated surface ¥,
described above and w(t) is the heteroclinic solution to (1.4]) connecting +1.

Even more, as for every e > 0 small and zn4+1 € R, as 2| = o0
ue(z) = w (zng1 —e ' Fo(er!)) —w (e7 ' Fe(ea’) —ang1) + 1 + o(1), r=(2,xN41) (1.10)
where F.(x') is the radially symmetric function described in (1.8)).

As we will see throughout the proof, we will be able to give a more precise description of these solutions
and their nodal sets, not only as ¢ — 0, but also at infinity.

The strategy to prove Theorem [T consist in apply the infinite dimensional reduction method in the spirit
of the works [I], 13} [16]. One of the crucial steps in this method is the choice of an accurate approximation
of a solution to . In this regard, and as pointed out by Modica, it is fundamental to select properly
the set where the solution is expected to change sign.

The first candidate for nodal set would be a small perturbation of the large dilation of M, e ' M. Since
e~ M has parallel ends, the approximation in the upper end will take the approximate form

T T
w (E + N1+ h(sx’)) —w (6 —INi1— h(ax')) +1, forxz=(2,2n11), |2|— 00, xyi1€R.
Setting t = % + zy41 + h(ez’), the approximation can be written as
u:=w(t) —w(2e T — 2h(ex’) +t) — 1
and we find that

u(l —u?) & 6(1 — wi(t))e Ve

This last expression states that the Allen-Cahn nonlinearity takes account for the interaction of parallel
ends.

It follows that at main order the error created by this approximation reads as

— 2 A haw! (1) + 6(1 — w?(t))e Ve
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and after the reduction procedure, the reduced equation to adjust the nodal set would read as

_ o —2V2T
Agnh ~ age 2e” ¢

where the right hand side is bounded, small but has no decay. Therefore

\/ﬁte 72\5/§T |(E/|2

h(x") ~ age™ : |7'| — oo

which leads to a nodal set that diverges at a fast rate away from the catenoid e M, as |z| — oo. We
solve this issue by using instead of e 7'M, the hypersurface e~'3.

Our second result shows a dramatic difference between the Allen-Cahn equation and the Theory of
Minimal surfaces. A result proven in [28] states that for dimensions 3 < N <9, the catenoid M has Morse
index 1. As treated in [13], the Morse Index of the catenoid is defined as the number of negative eigenvalues
of the linearization of the mean curvature operator associated to M. In contrast our result states for € > 0
small and with the same restriction in the dimension, these solutions are highly unstable.

Theorem 2. Let u. be the solution to equation (1.1) constructed in Theorem . Then for e > 0 small and
for dimensions 3 < N <9, m(u.) = +oo.

As we will see from the proof of Theorem [2] in low dimensions the infinite Morse Index, comes from the
asympotics described in and the Morse Index of the function F. which comes into play far away. In
dimensions N > 10, due to Hardy’s inequality, we expect for these solutions to have Morse Index 1, the
Morse Index of M. This, in view of the results in [Il [13] and since there would be no negative directions
related to the function F.

The paper is structured as follows: Section 2 sets up the general geometric setting need for the proof of
Theorem (1] Section 3 describes the asymptotics of the hypersurface that will be the model for the nodal set
of the solutions predicted in our result while section 4 deals with the solvability theory for a Jacobi-Hardy
type of operator related to the reduced problem. Section 6 describes the strategy and details of the proof of
the Theorem [I] which, as mentioned before, relies on an infinite dimensional reduction procedure, a method
motivated by the pioneering work of [20]. Section 7 contains some technical results used in section 6 and
finally the detailed proof of Theorem [2]is provided in the last section.

Acknowledgments: O. Agudelo has been supported by the Grant 13- 00863S of the Grant Agency of
the Czech Republic. M. del Pino has been supported by grants Fondecyt 1150066, Fondo Basal CMM and
Millenium Nucleus CAPDE NC130017. J. Wei is supported by a NSERC grant from Canada.

2. GENERAL GEOMETRICAL GACKGROUND

Throughout our discussion we adopt the following conventions. We write RV*1 = RY x R and we denote
r= (2, xnp1) RV (! znyq) = |2

Let ¥ be a smooth orientable N— dimensional embedded hypersurface in R¥*1. Next, we describe the

euclidean Laplacian close to the large dilation of 3, e 713, in a system of coordinates that is suitablefor the
developments in subsequent sections.

For any point y € ¥, we write
y=( ynp1) €L CRYH!
and we denote by v : ¥ — SV a fixed choice of the unit normal vector to the surface X.
It is easy to check that if Y : &/ ¢ RV — RN+ is a local parametrization of the surface 3 with
s=(s1...,sn) EU—>y=Y(s) €2

then the map
X(s,2) =Y(s) + zv(s)
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provides local coordinates in a neighborhood N of the form
N :={z=X(s,2):|2] <dp}
for some fixed dy > 0.

System of coordinates X (s, z) is known as the Fermi coordinates associated to X. Observe that for a
point z = X (s, z) € NV, the variable z represents the signed distance to ¥, i.e

|z| = dist(X, z).
For z small and fixed such that
XU,z) c N
we denote by X, the translated surface locally parameterized by
X(,2):U—=XU,=z), seU — X(s,z) eN.

We denote by g := (g:;j)nxn and g. = (g.:j)Nxn the metrics on ¥ and X, respectively, with inverses
g7 i=(g")nxn and g7t := (¢)nyxn. We find that
92,5 = Gij -+ zdij(s) + 222 lA)ij(S), sSEU, |Z| < &y (2.1)
where for 4,7 = s1,...,sn
gij = <81Y,an>
and
aij = (0;Y;0;v) +(0;Y;0,v) ,  bij = (Ow; 0jv).

Hence, we may write
g. = g + 2 A(s) + 22 B(s)
where A = (a;;)nxn, B = (i)ij)NxN'

It is well-known that in N, we can compute the euclidean Laplacian in Fermi coordinates using the
formula

A= 83 + Ay, — Hx_ 0,
where Ay is the Laplace-Beltrami operator of ¥,and Hs its mean curvature.
The expression for Ay, is given by

1 ii
AEZ = m& (\/detgzzgzjaj)

» 1 g
= g?&-j + m 81 (\/ det g ;j) 8j

= g,izj 8ij - Q?l Fi,kl 0; (2-2)
and I‘; «; stand for the Christoffel symbols on X, and where in every term, summation is understood over
repeated indexes.

Using (2.1) and (2.2), we write
Ax, = Ax + Aj;0;5 + B;0;

where
Ay = gY—g"
Kl i ; P Tk Kl
B = g8 [T%u—Th) + iy [0 — 9"

From expression ({2.1) it is direct to verify that for some smooth bounded functions a;;(, .y and b;(s, z)
Aij(s,2) = za;j(s,2), Bi(s,z) = zbi(s,z), in N. (2.3)
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In further developments, the geometrical setting will become more specific, allowing us to provide more
precise information on the asymptotic behavior of these functions.

Next, we compute the mean curvature of 3,, Hy,_. Denote by x; the principal curvatures of 3. From
the well known formula

N " N
=1 =1
from where we obtain
HEZ = Hysy, + Z|A2|2 + 22 bN+1(8,Z) (24)

with
N
bnti1(s,z) = Z/@f + 2kf ...
i=1

and Hy, and |Ax| denote respectively the mean curvature and the norm of the second fundamental form of
the hypersurface X..

Summarizing, we have the formula for the euclidean Laplacian expressed in Fermi coordinates in N

Ax = 08.. 4+ Ay — (Hs + z|Ag]?) 0. +
+2aii(s,2)0i5 + 2bi(s,2)0; — 22by11(s, 2)0.. (2.5)
Next, let us consider the dilated surface ¥, := ¢~ '3 with local coordinate system given naturally by

Y. U, — 2.
Y.(s) = e 'Y(es), se€lU.:=c U.
It is direct to check that the unit normal vector to X, is given by
ve(y) = v(ey), yeXe
so that the dilated Fermi coordinates read as
Xo(s,2) = Yo(s)+ zve(s)
= & '(es)+ zv(es)
which provide local coordinates in the dilated neighborhood
Nei={o=X.(s,2) : |ez| <o, selU:}
We also readily check that
Ax, = e2Ax
so that, rescaling formula we obtain
Ax. =0.. + Ay, — (eHx + 22 |Ag|*) 0. +
+ ezaij(es,2)0i; + €% bies,2)0; + €32% by y1(e8,62) 0,. (2.6)

The previous computations are not enough for the proof of our results. We need to introduce a smooth
bounded parameter function i defined in 3. Abusing the notation we set in the coordinates Y : U — X

h(Y(s)) =h(s), selU
and we consider the translated coordinate system
Xen(s,t) = Xc(s,t+ h(es))
and the translated and dilated neighborhood

N = {x = Xcn(s,t) : [t + h(es)| < 650}
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Then, by setting z =t + h(es), we can compute the euclidean Laplacian in the translated Fermi coordi-
nates as in [I}, 13], i.e

Ax., = Ou + Ax, — cHx 0, — 2|As|*t0, —
— &2 {Agh—i— |As|? h} Or — €0;hoy + 2 0ih? Oy + Doy (2.7)
where
D.; = e(t+h)a(es,e(t+h)) {aij — €0;h 0y — g2 0;jh 0y + e2 0, h? att}
+e2(t + h)bi(es,e(t +h)){0; — €0;h 0} + &3(t + h)*bn11 0 (2.8)

and where the functions Hy, |Ax|?, h, d;h, 9;;h are evaluated at es.

3. APPROXIMATE NODAL SET

In this section we describe the asymptotics of the nodal set for the family of solutions predicted in
Theorem [l| and we compute some geometric quantities which are crucial for our developments.

Let F' = F(|y|) be the unique increasing axially symmetric solution to the minimal surface equation for

graphs
F
v (V) 0, l>1, yeR” 1)

V1+|VF]?

F(1)=0, 8,F(1) = +oc.

with the initial conditions

From the symmetry of F, equation (3.1) can be written as the ODE
N9 F — (1410, F|)2 =0, r>1

from where we directly obtain that F(r) is strictly increasing and F(r) > 0 for every r > 1. We also obtain

the asymptotics
w%(l—#OLw(Rw)(r—l)), asr — 1
F(r)= (3.2)

r2-N (r473N) ’

T — 5= + Ore@n) as r — oo

with

o 1
T:= / s
1 Vs -1
and relations in (3.2)) can be differentiated for r > 1.

Consider the smooth hypersurfaces M.y, parameterized by
yeD— (y, £F(y)) e RN xR
respectively and where D := RN — B;.

The hypersurface M = My U M_ is the N—dimensional catenoid and from (3.1)) it is a minimal surface
of revolution. An important consequence from (3.2)) is that M has two almost flat parallel ends.

As mentioned above and as pointed out in [I3] and in section 7 of [20], a large dilated version of M,
M, = e ' M, with € > 0 small must be perturbed in order to obtain the right profile for the nodal set that
will lead to good sizes in the error.

To do so, we consider € > 0 small and fixed and we also fix a large radius R, to be chosen appropriately.
Next step consists in fixing a particular smooth radial solution F. to the Liouville equation

—2V2 Fe

eAF, —age™ = =0, forly|> R. (3.3)
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where
a0 = [0/l [ 60— w*O)e!u() dt >0

It is enough to match in a C'! topology the catenoid M with the graphs of F. and —F, outside of a large
compact subset of M, determined by the large radius R.. Taking into account the asymptotics in (3.2)) for
M, we consider ([3.3]) with initial conditions for F. at r = R, namely

F.(R:) = T— "= +0(RN)

8. F.(R.) = R- N+0( 301 N>).

The size of the radius R. and the asymptotic behavior of the function F;, both in terms of €, can be

found by using the scaling
5 2v/2 ag R? |yl
F = 1 €
=(y) 2\@[%( = >+f<RE

Af—ef =0, |y >1, yeRV.

so that

The initial conditions for F. translate into the initial conditions for f

22T 2v/2 2 2v/2 2-N
*C _1og<*f“°RE>— V20 BT Lo (granoy

F) g2 e(N —2)

0,f(1) = /371 (RN + 0 (REPY)).

Using the dependence on € > 0 of the initial conditions, the Intermediate Value Theorem and the Implicit
Function Theorem, for every € > 0 small there exists a radius R. with asymptotics described as

R—aseg (1+O(1N_M)>, ase—0 (3.4)
for some positive constant a > 0 and such that f(1) = 0. Consequently we find that
O f(1) =" (RZN +0O (RPN
and we directly check that

2—N
Re

43Ny, & lyI)
+ O (R: )+2\/§f<R5'

Thus, it remains to analyze the asymptotic behavior of solutions to the problem
Af—e =0, forly>1, f)=Ff, 8f(1)=6 (3.5)
in the class of radially symmetric functions and where § > 0 is small.
We pass to the Emden-Fowler variable s = log(r) and we set f(r) = v(s) to find that
v"(s) + (N = 2)v/(s) — =7 =0, s>0, v0)=f, o'(0)=0é. (3.6)
Classical ODE theory inmplies that the initial value problem has always a solution in a maximal interval
(0,5,). Let us now assume that

U(S)zQS—l—log( +w(s), 0<s<S,

1
2(N — 2))
so that
w"(s) + (N — 2)u'(s) — 2(N — 2) [e*w@) - 1] =0, 0<s<S&, (3.7)
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1
=f-1 — "0) = —(2-9).
wl) = 7 10 (57— )+ WO =~(2-9)
Considering the Lyapunov functional
1
L(s) = Slw' () +2(N = 2)e™® +2(N = 2)u(s), s € (0,5)

we find that p
L) =-(V - 2)|w'(s)* < 0
and since N > 3, it follows that

L(s) < L(O)<C
where C' > 0 does not depend on § > 0 small. This implies that w(s) and w'(s) remain uniformly bounded
and so they are defined for every s > 0.

About the asymptotics of w(s), we proceed as in section 2 in [I0]. Observe that we can write equation

B as
w” + (N =2)w +2(N —-2)w—N(w)=0, s>0 (3.8)

N(w)=2(N-2)[e™" —1+w].
The indicial roots associated to the linear part in are the solutions to the algebraic equation
M4+ (N=2)A+2(N-2)=0
from where N_9 1
Ay = —Tii\/(N—Q)(N—lo). (3.9)
Hence, a fundamental setfor the linear part of equation is given by

COS(%\/(N—Q)(N—N)S), 3<N<9
wy(s)=e "7 ° 1, N =10 (3.10)
et VN2V -10)s. N> 11
sin (g\/(N—2)(10—N)s), 3<N<9
w_(s) —e T, s, N =10 (3.11)
eV IN-2)(N-10)s N> 11

with Wronski determinant

N-—2

$VIN=2)(10-N)e~ "z 5, 3<N<9

W(s) := e85, N =10 (3.12)

N-—2

1V/(N=2)(N—-10)e "=

s N > 11.
Therefore, we can write
w(s) = Aw(s) + Bw_(s) + w(s
where w is a particular solution to the equation
w" + (N —2)w' +2(N —2)w = —N(w), s>0.

=
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We only describe the resonant case N = 10, since the other cases can be described in a similar fashion.

Using variations of parameters formula when N = 10, we choose w to be the function

o0 o0
w(s) = 6_43/ e TN (w)dr — se™** / e TN (w)dr.
S s

Using a fixed point argument, the following Lemma readily follows.

Lemma 3.1. The function v solving equation (3.6 has the following asymptotic behavior

v(s) = 2s + log (2(]\/_1_2)> +w(s), 0<s<oo

where the function w(s) satisfies, as s — 0o

N-—2

Ce 72 % 3<N<9
lw(s)| <{ Cse4s,  N=10 (3.13)
CeM+s, N >11
where N9 )
Ay = 777 + 5\/(N—2)(N710) < 0.
and these relations can be differentiated in s > 0.
Lemma can be restated for the function f(r) = v(log(r)) as follows.
Corollary 3.1. The function f solving problem (3.5) has the asymptotics as r — oo
f(r) =2log(r) —log (2(N — 2)) + @(r)
where N
Cr——=, 3<N<9
r0,&()| + B0 < { Clog)rt, N =10 (3.14)
Cri+, N>11

Summarizing, for every € > 0 small
2—-N
€

R
FE(T):T—N_2

LORSIN) <|y> >R,
(a )+2\/§f R. r

and as r — 0o

F.(r) = f@ <log (2*/62“0) +2log(r) — log (2(N —2)) + wg(r)> . (3.15)

where the function w.(r) satisfies for r > R, that

_N-2
c(#) 7, 38N
P @e(r)] + @) < 1 0 log () QR) N =10 (3.16)
c (RL) o N>11
these relations can be differentiated in r > R. and where we recall from that
R, ~ dsfle@, as e — 0.

Consider now a characteristic function x : Ry — [0, 1] such that

0, s<1
X(s) = 1, s>1

and denote x.(r) = x(7-)-
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As predicted abov, we glue the catenoid M with the graphs of +F. by means of the axially symmetric
function G(r) described by

G(r) = (L=xo) F(r) + xe Fe(r), r>1 (3.17)
Let X be the graph of the function +G described by
Sy = {(@hani): ang = +GE), | > 1),
Analogously we define ¥_ as the graph of —G. Define also
Y=Y, UX_.
_ For notational simplicity we have omitted the explicit dependence on € > 0 of G and X. Notice also that
¥ is a C! connected hypersurface of revolution having the z 1 —axis as its axis of symmetry and dividing

RN+ into two connected components say Sy and S_, where we choose S, to be the component containing
the axis of symmetry.

We consider the local parametrization for ¥4 in polar coordinates
Yi(r,0) = (r0, £G(r)), Yi:(1,+00)x SNt 5 RNFL,

Abusing the notation, we know that the normal vector to X4, v+ : ¥4 — SV pointing towards the

xn+1—axis and in terms of the local coordinates (r,© ) is given by
+1

—— (— O

1+10.G(r)]
respectively in ¥4 and we have associated Fermi coordinates

X:t(’f',@,Z) = Yi(?”,@) + Zl/i(’l“,@)

vy(r,®) = Gre,1), r>1

for r > 1 and © € SV,

It is not hard to check using (3.2]) and (3.15) that X provide local diffeomorphism in a neighborhood
of the form

Ny = {Xi(r,@,z) Szl <6 (1 —ne) +nFe(r), »>1, O¢€ SNfl}
where the constant dy = do(M) > 0 depends only on the catenoid M.

Also we remark that the function G is not only C!, but rather C? except at the point r = R.. From
this, it is not difficult to verify that formula (2.5]) also holds almost everywhere in this neighborhood.

Since, we are working in an axially symmetric setting we know that all the geometric quantities mentioned
in section [2] share also this symmetry. In particular we know that

1 V-1
AE:E == ar 8’(‘
rN=1/1+10,G(r)|? 1+ 10.G(r)|?
B Orr N -1 0rG(r)
- mpeert (- eer) 1)
Also the principal curvatures of ¥ are given by
8,«G 8TTG
. ) .y = % (3.19)
1+10,G(r)]? (1+10,G(r)[?)?

and

2 - 1) [0,G(r)]? [0,+G (7))
|As| Zn = 1+|6 ) + T 10.G0 (3.20)
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Hence, in the coordinates Y4 (r, ©) the Jacobi operator for the surface ¥ takes the form

JIs = AEi + |A2i|2
B Orr N-1  £9,G(r) o, +
1+ |0,-G(1)|? r 1+10,G(r)2) "

(N = D[o,G(r)]” [0, G(r)]
P2 (A+10:GIP) (1 +10,G(r)?)?

and we recall that we are omitting the explicit dependence of all the quantities in € > 0.

(3.21)

Next, we consider a dilated version of the geometric objects described above. For € > 0 small consider
the hypersurfaces X, 1 := e 'Y, which can be naturally parameterized by

Y.:(r,0,)=(r0,+c'Gler)), r>et, @csSVN L
from where we get the associated Fermi coordinates
X.x(r,©) = Y. u(r,0) 4+ zv.1(r,0)

1
= gyi(ET,G)-f—ZVi(ET,@), r>el, @esNL

Observe that in this case the dilated Fermi coordinates X, (7, ©, z), provide a local diffeomorphism in
a region of the form

Ney = {x =X.1(r,0,2) 2] < 5—60 (1 —n.(er)) + ng(sr)a_lFa(sr)} . (3.22)

Next we consider a smooth bounded smooth axially symmetric function h : ¥ — R satisfying the apriori
estimate
Rl = ID*hllp2+s + (L +7(y) P Dshllpoe(s) + (1 +7(y) hll (s < CeT (3.23)
for some p > 1, 7 > 0 independent of € > 0 and where

ID?Rlp245 = sup(l + (1)) D1 o (55 (wi1)
Yy

where Sy (y; 1) is the cylinder of width 2 and centered around the sphere passing through y € X.
We also impose the assumption that h is even over X, which is equivalent to saying that, in the coordinates
Y:t (T‘, @),
h(r) := h(Yy(r,0)) = W(Y_(r,0)), r>1, 0S¥
Using the translated Fermi coordinates
Xen(r,0,t) := X (r,©,t + h(er))

and carrying out computations similar to those in section 2 of [I], we find that the Euclidean Laplacian in
formula (2.8]), when applied to axially symmetric functions, takes the form

Ax., O + Ay,
—SHE 8t — 82|A2|2taﬁ — 62 {Azh + |AZ|2h} 815
—2e0,h(er) Dy — %[0, h(er)])?Oye + D. (3.24)

where D, is given by

D.p = e(t+h)ai(er,e(t+h)) (Ory — 260,h(er)Ops — €20, h(er)Os + a2[0,h(e7)]?Oyt)
+  &*(t+ h)aa(er,e(t + h))0;;
+ Xt + h)by(er,a(t + h)) (0, — £0,h(er)0y)
+ 3t + h)?bo(er, e(t + h)) Oy (3.25)
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and from and , the smooth functions ai,a;;, b; and have the asymptotics
ar(r,z) = 0(r™2), a;(r,2) =00, 4,j=s1,...,58-1
bi(r,2) = O(r™3), by(r,z) = O(r %)
as r — oo.

We finish this section with the following remark. For x = (2/,zn41) € N 1+ we may write

TN+1 = Xe+(r,0,2) - ent1

so that "
z
T =+ 'Gler) + , T ENMN,
N )+ A= 10,G (=) .
which can be rewritten as
z=2£\/1+10,G(er)]? (zn41 Fe 'Gler)) (3.26)

so that, from (3.15)), as er — oo we have that

2~ + <9CN+1 F log <2\/ja0> F 2log(er) £log (2(N — 2))) .

4. JAcoBI OPERATOR
An important part our developments is to solve the linear equation
Lo(h) = €2 (Ash+|As?h) + 2V2a0xce 2V e h = %9, in ¥ (4.1)
in the class of axially symmetric functions and where the function ¢ satisfies that

lgllps == Slelg(l + 1) N9l e (s (1)) < 00
Y

for >0, p > 1 and where Sx(y; 1) is the annulus in ¥ centered at y € ¥ and width two.

Since F; is asymptotically logarithmic in € > 0 and r > 1, and the N > 3, ¥ might be consider as a mild
perturbation of the N—catenoid M and therefore the size of £-1 is expected to be uniformly bounded in
€ > 0. This is precisely the content of the following Proposition.

Proposition 4.1. For any p and 8 withp > 1 and 0 < 8 < N — 2 there exists a constant C = C(p,5) > 0
such that for every e > 0 and for any axially symmetric function g defined in 3, that is even respect to the
rNy1—azis and with ||g|lp2+s < 00, equation (A.1) has a solution h satisfying the estimate

Ihllzp2+p = [IDF hllp2+s + 1L+ ) Vs bl + [1(1+7) Rl 1oy < Cllg

This solution is in addition azially symmetric and even respect to the ry41— axis.

p,2+08+

Proof. First recall that . : R — R is given by

0, >R
o ={} 125

Since ¥ coincides with the catenoid M for 1 < r < R. and with the graphs of +F, for r > R., it is
natural to look for a solution h of the form
h=(1—xe)h1 + xchs
under the constraints
hi (Rs) = hZ(Rs)a 8rh1 (Rs) = ath(Rs) (4'2)
so that h is C* over X.
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We decompose g as well as
g=1—=X)g+Xeq9 =191+ 92
and we find that it suffices for hy and hs to solve the equations

AMh]_ + ‘AM|2h1 = gl, in M (43)

g2 (Azhz + |A2|2 hg) + 2\/5&0 6_2ﬂ671F5h2 = 6292, in XN {7“ > RE} (44)
with axially symmetric right hand sides g; satisfying that ||g;||p.24+s < 00, i = 1,2 and under the constraints

E2).

We begin by studying equation (4.3). Let us remark that the catenoid M can also be parameterized
using the local coordinate system

(5,0) e R x SN = (¢(3)0,9(s)) € M
where the function ¢(s) satisfies the IVP
o' =¢" seR, ¢(0)=1, ¢(0)=0
and 9(s) is given by the rule
P =¢""N, p(0)=0.

From this we find that ¢ is even and positive and 1 is an odd smooth and increasing diffeomorphism
from R to (—7,T) where we recall that

° 1
T [ s
1 VsAN=D -

Furthermore, there exists a constant a > 0 such that

B(s) = aell(1+ 0> 2NV as |s| = oo (4.5)
Through the change of variables r = ¢(s) and setting
() =67 v(s), gi1r) =0~ F g(s) (4.6)
we find the conjugate form of equation (4.3)), namely
N-2\> NBN-2) , .
Ossv(8) — [( 5 ) _ M ) )¢2 2N1w(s) =g(s), seR. (4.7)

Since we are in the axially symmetric even setting, we consider equation (4.7) with the initial condition
dsv(0) = 0.
We know that the kernel associated to (4.7) contains at least the jacobi fields coming from dilations and
translations along the coordinate axis, i.e. when looked through local coordinates, the functions
y-v(y), v(y) e, j=1,....N+1, yeM
are elements of the kernel of equation (4.7)). We remark also that jacobi field coming from rotations around
the axis of symmetry is zero.
We readily check that
2(y) =v(y) ent1, z)=y-vly), yeM
are the only axially symmetric ones and in terms of the functions ¢(s) and v (s) we have that

N—-4 N—4
21(8) = ¢ 2 Osp, 22(8) = ¢ 7 (05t — TOsp9)
from where it directly follows that z; is odd and 29 is even. Also from the asymptotics in (4.5)) it follows
that

zl(s)NeNQ_QS, zg(s)we_¥s, s — 00
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with wronskian equals 1.

Hence, using the variation of parameter formula we set
S S
o) = -26) [ 205+ 26) [ 205 (48)
0 0

Next, we estimate the size of v. For any sg > 0, 1o = ¢(sg) > 1, and for any j, € N such that
Jo <rg < jo + 1, we estimate

/ " a@iod] < © / "o Mg, (6()Nds
0 0
< C.Af N1 e~ (N-2)g (¢))d
Jo 1 Jo j+1
< oY / N W g ©lde <) N / N g (€)lde
j=1"7 =1 j
<

Jo
(N—2)—2-B+(N-1)2, .
Cy TN 25 g o s v G
j=1

Jo

. _1)1_1_ _ _1)1_

< Clgillpassd i Vo7 P < Cllgallpars (1+19) "0 =F
j=1

< Cllgillpaes em N5,

Proceeding in the same fashion we estimate the second integral in (4.8) to obtain that

/%a«m«wc
0

S0 N—2 N+2 S0
< o[t <0 [N g o) fetds
0 0

Jo
(N-1)L —2—
p,2+8 ZJ( & ’
j=1

< C / £V=1)gy (€)lde < C |lon

—(N—l)%—,@-i—N—Q

_ _1)1_ _
< Cllgillp2tsro [FIN=D =N =20

~ Cllg1llp2tpe

From (4.6 and the previous estimates, it is direct to check that
1L+ 7)) Das Pl ooy + (2 + 7)) || oo (ary < Cllgn

p,2+p

Using elliptic estimates and directly from equation (4.3|) we obtain for every p > 1 and 8 > 0 that

1Pall2,p,245 < Cligrll245- (4.9)

Next, we study equation (4.4))
52 (Ag ho + ‘A2|2 hz) + 2\/5040 672\/56711:‘E hoy = g2, r> R,

with the initial conditions
hQ(Ra) = hl(RE)7 ath(Ra) = arhl(Rs)
which can be estimated from (4.9) to obtain that

[REF7 0pha (Re)| + |RE ha(Re)| < Cllgillpa+s-
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Expression (3.15)) implies that for r > R,
2\/50,0672\/55_1}7‘5 _ 2(N7 2) 62 WDe

= 72(]\7 —2)e +20(r%a,).
Observe also that together with and imply that
As, = Mgy +20(r™ )0y +0(r™ 10,
and
c?(14+r)* <|As? < Ce?*(1+7)"%, r>R..
Therefore, the model linear equation associated to is

~  2(N -2 A
ARNh—i—%(l—&-p(?‘)) h=g, r>R.

where o(N — 2
p(r) = % (e —1) m2(N —2)r 2w, asr— o0
r
and whose linear differential operator resembles a Hardy operator at infinity.

Abusing the notation and making the scaling

we find that it suffices to solve the problem

Apnh + WQ +p(r)h=R%4(r), r>1

il(l) = hi(R.), 8,«?1(1) = R.0-h1(Re)
where A .
0:h(1)] + |h(1)] < CRZP |lg1llp.2rs-

17

(4.10)

(4.11)

From the classic theory in asymptotic integration of second order linear ODE, described for instance
in chapter 11 in [22] or following the same lines of the proof of lemma 4.1 in [I], we find two smooth
linearly independent elements of the kernel for (4.10)) z4(r), such that in the radial variable they have the

asymptotics at infinity

cos (\/(N “2)10—-N) log(r)) . 3<N<9
zy(r)ymr= "2 1, N=10
T+%,/(N—2)(N—1o)’ N > 11

sin (\/(N ~2)10— N) 1og(r)) , 3<N<9
z_(r)=r” 2 log(r), N =10
7,,—%\/(]\/'—2)(1\7—10)7 N 2 11

and these relations can be differentiated. Also we can compute the wronskian W (r) = W(z4,2_) to find

the asymptotics

—/(N-2)(10—N), 3<N<9

rNTIW(r) = ~1, N =10

—/(N —2)(N - 10), N > 11.

(4.12)
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Then we set as solution the function
h(r) = Az (r) + Bz_(r) + 2(r) (4.13)

where £(r) is the particular solution

é&)zz—z+<mL[T<N1z_<ogoad<+ax«r)AW<N1z+<ogoodo

Since
h(1) = Az (1) + Bz_(1)

Ovh(1) = Ad,24 (1) + B, z_(1)

AN () e () (1)
(5)=mor (ot o=y ) Cony )
and using and we find that
Al + [B] < CRZ7 ||g1]lp2+5-

In order to estimate the function 2(r) we proceed in the exact same fashion as above to find that

we find that

I2l12,p248 < CR=llg2llp2+5
Rescaling back we obtain that

ha(r) = Az (;) + Bz_ <1;> +2 (];) , r>R.

1h2ll2.p2+5 < Clig2llp,2+5
provided that 0 < 8 < % which is a slower decay than the one of the functions z4 (r).

from where we find that

To finish the proof, let us denote by L(g2) := hs the resolvent operator for the model linear equation
(4.10) . We apply a fixed point argument to the expression

L [g2 — |As[Phs + (Ax — Apn) ho] = ho
in the topologies described above, so that for € > 0 small enough we find a unique solution to the equation
satisfying the same estimate and this completes the proof of the Proposition. 0

5. APPROXIMATION AND PRELIMINARY DISCUSSION

Now we are in position to describe the approximation we want to consider. Denote by w(t) the heteroclinic
solution to the one dimensional Allen-Cahn equation

w’ +w(l—w?) =0, inR, w(too)==+1, w'(t)>0 (5.1)

w(t) = tanh <\;§> , teR

and has the following asymptotic behavior

1—2e V2t 4 O(e2V2Y), t>0
w(t) = (5.2)
—1+2eV2t 4+ O0(e2V21), t<0

and relation (5.2)) can be differentiated so that
w'(t) = 2v2e V2 L O(e2V2 1) e R

which is given explicitely by
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w'(t) = —de V2 4 O(e72V2Iy |t eR.
From we consider the set Nz = Ny UN; _, the cylinder
Cr. ={y€e 'S:r(ey) <R.}.
and the cut-off function 7. (r) := n(er — R.) with
o ={ 1 %

Recall also that in sections [2] and [3] we introduced a smooth bounded parameter function h satisfying
the apriori estimate ([3.23]).

We define our approximation to in the region N; as the function

u(z) = (1 = ne)uo + neur (5.3)

where
up(z) = w(z — hier)), z€N.NCg. (5.4)

and taking into account (|3.26])
ur(z) = w(y/1+ [0, Fe(er)|? (xn41 — e ' Fe(er)) — h(er))

—w(\/1+ |0, F.(er)]? (xn41 + € " Fo(er)) + h(er)) =1, xz €N, —Cr.. (5.5)
Observe that in Ny N Cr, the function ug coincides with the heteroclinic solution while, from (3.26)
ur(x) = w(ryyr —e 'Fe(er) — hier)) — w(z +e 'F.(er) 4+ h(er)) — 1
for z = y + 2v.(y) € Ne with r(ey) > R..
Since RN+ — 3 = S, US_, we also have the associated dilated version RNt —¥_ = S. | US. _ where
Se 1+ := e 1S respectively. Consider the function H given by
17 in SE)J'_

H(z) = { ~1, inS._.

As global approximation we take the interpolation between the functions 4 and H. To be precise we use
a cut-off function p. described by

pE(m) =1 <Z| - 5?0(1 - XE) +X55_1F5(€T) + 1) ) T = XE(T7@,Z) GNs

to write
we(z) = peii(x) + (1 — p.)H(z), in RVFL (5.6)

Our next and crucial step is to compute the error of this approximation. Let us write
S(we) == Aw, + F(w,)

where
F(we) = wo(1 —w?).

Observe that S(w.) splits into

S(we) = pe(x)S(w) + 2p. - V(u—H) + (u - H)Ap: + F(we) — peF(u) (5.7)
I IrI III

so that we compute the sizes of each of the terms involved in expression (|5.7)).
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First we compute I. Using the characteristic function x. as in (3.17)
S(u) = (1 — xe(er)S(u) + x<(er)S(a). (5.8)
Setting z = t + h(er), we find from expression (3.24)) that in the region N; , NCr,_, @(x) = w(t). So that
S(u(x)) = —eHx(er)w'(t) — 2| Ag(er) Pt w' (1)

—e2{Ash + |As P h} w'(t) — €2 [0 h(er)]” w” (t)
—&3(t 4+ h)ay (er,e(t + h)) (Oprh(er)w'(t) + [Orh(er)*w” (t))

—&3(t + h)by(er,e(t + h)) Oph(er)w' (t) + €3 (t + h)2bn i1 (er, e(t + b)) w'(t). (5.9)
The minimality of M implies that Hs; = Hps = 0 in the cylinder Cr, and we conclude that
|S(a(x)) + Tx(h)(er)w'(t)] < Ce?(1 + 57“)_26_0|t|
forany0<0<\/§.

As for the second term in (5.8]), setting

t = V1+|0,G(er)P (zn41 —e e Ge(er) — h(er))

= z—h(er)
in the set ¥, 4 for r > R., we observe that
(r) = w(t) —w(t+ 2 F.(er) + 2h(er)) — 1

and consequently
F(u) = F(w(t)) — F(w(t+ 2 "F.(er) + 2h(er))) — 1 + 1

— (F'(w(t)) — F'(=1)) [w(t + 2e " F. 4 2h(er)) + 1]
1
ts3 (F"(w(t) + F'(-1)) [w(t + 2" F. + 2h(er)) + 1]* + O ([w(t + 2F. + 2h(er)) + 1]%).
From the asymptotics in and since h is even in X, we obtain that
F@) = F(wt)—F(w(t+2e"+2h)) — 6(1 — w?(t))eV2e 22 Feth)
+6 [(1—w?(t) +2(1 — w(t))] e2V2te 2VHE Rtk 4 o (e*MIH%‘lFﬁ?hI) . (5.10)

Let us now consider the decomposition

6(1 — w(t))e V2 = agw'(t) + go(t), /go(t)w'(t)dt =0. (5.11)
R
Using the function g and (5.10]) we find that in ¥, . and for r > R,
S(a) = — (EHg(er) —ag e‘2ﬁ871F5> w'(t) — 2| As|?tw'(t) + go(t)e‘QﬂEilFE

— g2 (Azh + |AZ|2 h) w'(t) — 6 (1 _ w2(t)) eV2t o—2V2eTFe {6—2\/§h _ 1}
+e% |Vsh|>w"(t) + €2 (Ash + |[As | h)w'(t + 2e 7 F. + 2h) + 2| Vsh|*w” (t — 2f,)

+ [6(1 — w(t)) + 12(1 — w(t))] €2V2le~ VAT FAh) L R (5.12)
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and

IDR(er,t,p,q)| + [DyR(er,t,p,q)| + [R(er’, t,p,q)| < C>T7(1+ [er|)~*eM

21

(5.13)

for any 0 < 0 < v/2 and any 0 < 7 < 1. Similar computations are obtained in the set Y. — for r > R..

The asymptotics for F. in (3.15)) imply that for r > R,

F. _
Hy = V- <V> = ApnF. + S O((1+1)74).

V1+|VF|?
Using the fact that the function F. is an exact solution of equation (3.3]) we can write
Eo(er) := e Hy(er) —age 225 ' Fe = 40((1 4+ er)™4)
and from (|5.14)) we observe that for er > R,

S(a) = —&* (Ash +|As?h) w'(t) — 6 (1 —w?(t)) V2t o=2V2e T |:672\/§h — 1]

—Eo(er)w'(t) — 2|As2tw'(t) + go(t)e 2V "Fe 4 2 |Veh2w (1)

+ 2 (Agh+ [AgP R)w'(t + 267 F. 4 2h) + &2|Vgh|?w"(t — 2f,) + R
where R is as described in .
From this we find that for er > R,
1S(@)x| < Ce> (1 4er) 2t

From (5.9) and (5.15) that for any 0 < ¢ < /2 and any 7 = %

[15@@)lp,2-7,0 < C.

Since the cut-off function p. is supported in a region of the form

d _ d _
(1= xe) +xee ™ Feler) =1 < 2] € (1= xe) + xee ™ Feler) +1

the contribution of the term I7 in (5.7)) is
[2Vp. - Va(e) + (ax) — H(z))Ap.| < CeYZl2xee Fer2hl

As for the term I7 in (5.7), we can easily check that
11T = 3(u = H)*p-(1 = pe) + 3(a — H)*p-(1 - p2)
so that
1|+ 111 < Ce VU < Cem I < > V3 (1 4 er) 2T Vae M,
Putting together the estimates for I, 11,111, we find that
IS(we)llp,2—r,0 < Ce*™T

for any o € (0,+/2) and any 7 = %

We remark also that in the upper part of the set A

S(@) = —e> {Asgh +|Ag>hYw'(t) — 6 (1 — w(t)) eV x. 2v/2e 2V "Fe py

—Xe Bo(er)w' () + go(t)e 22 'Fe — 2| AgPtw'(t) + £2 |Vsh|2w (1)

(5.14)

(5.15)

(5.16)
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—6(1 — w?(t))eY 2 xe(er) 2V [ﬁﬁh —1+2V2 h} +R.
and where
|DpR(er,t,p,q)| + |DyR(er,t,p,q)| + |R(er’,t,p,q)| < Ce® (1 + |er|) "> el (5.17)

for some 0 < o < v/2 and some T = %

6. LYAPUNOV REDUCTION SCHEME

We begin this section by setting up the functional analytic spaces we need to carry out the proof of
Theorem [

Let us first consider the function r : RN+ — [0, 00) given by
r(@,en) =], == (2 anp) € RVHY
Let us define for ¢ > 0, > 0 and f(x), defined in RN+ the norm
1 llpu~ = sup (L+r(ex)[|fllLe (B2, P> 1. (6.1)

rzeRN+1

We also consider 0 < o < v/2, u > 0, ¢ > 0 and functions g = g(y,t) and ¢ = ¢(y,t), defined for every
(y,t) € Ec x R. Let us set the norms

Il = sup  (L+r(ey)) e glinie, .0 (6.2)
(y,t)eX xR
[lloc o = 111+ 7(e9)*)e " S]] Lo (. xr) (6.3)
[@ll2,p,1,0 == ||D2 Bllpp,o + [1DPlloo,po + [[@lloo,uo- (6.4)
Finally, for functions h and g defined in ¥, we recall the norms
19115, := sup(L +7())” 1G]l Lo (s (:1)) (6.5)
yeD
Ihll2,p,5 == [1D?llp,s + 1L+ 7(y)) Doy + Ih]lLoes). (6.6)

Now, in order to prove Theorem 1, let us look for a solution to equation (|1.1)) of the form
ue(z) = we(z) + ¢(x)
where w.(z) is the global approximation defined in (5.6]) and ¢ is going to be chosen small in an appropriate
topology.

Denoting F(u) = u(1—u?), we observe that for u.(z) to be a solution to (1.1]), the function ¢ must solve
the equation

Ap + F'(wo)p + S(we) + N(p) = 0, in RN*!
or equivalently
Ap + Fl(we)p = —S(we) — N(y) (6.7)
where

N(p) = F(we+¢) — F(w.) — FI(WE)'

6.1 Gluing procedure: The strategy here consists in transforming into a system of two PDEs.
One of these equations will take account of the geometry of ¥ and w. near Y., while the other will handle
the situation far away from Y., where w. is almost constant.
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In order to proceed, we consider again the non-negative cut-off function ¢ € C*°(R) such that

1, s<-—1
C(s) = { 0, s>1
and define for n € N, the cut off function for = X, 4 ,(y,t) € No +n
J
Gute) = ¢ (I 41— 2 (1= ) = e o) ) (65

for v = X, 4 5(r,0,t) € No 1 p.
Therefore, we look for a solution ¢(x) with the particular form
p(r) = (3(x) ¢y, 1) + ¥(x)
where the function ¢(y,t) is defined in ¥. x R and the function 1 (x) is defined in the whole RV*1.
From equation and noticing that (5 - (3 = (3, we find that

CS [ANs,h(b + FI(<2W6>¢ + <ZS(W€) + CQN((b + 1/}) + C2(FI(W€) + 2)"/J]
+ AY —[2— (1 =) (F'(we) + 2)]Y + (1 — C3) S(w.)

+V (3 VaL, ¢+ 0AG + (1 — G)N[Y + (29 = 0.
Hence, to solve (6.7)), it suffices to solve the system of PDEs

Ay — 2= (1= G)(F'(we) +2)]v = — (1 - G) S(we) —
=2V Va0 — 9AG — (1-G)N[Go+¢], mRYFL (6.9)

An. ¢+ F'(Gwe)p = —(S(we) — N(o+ )
— G(F'(we) +2)y, for |t +h| < o-(r) (6.10)
where
0:(y) = 66—0 (1 —ne(er)) +no(er)e' Fo(er) — 2, y=Y.(r,0) € .
Now, we extend equation to the whole Y. x R. First, let us introduce the differential operator
B := G[An., — 0 — Ax,].

Recall that Ay,_ is nothing but the Laplace-Beltrami operator of ¥. and which in the local coordinates
Y. +(r, ©), has the expression

Asx, , = Opr + %&« + %QASN* +20(e7 220, r + 30(e 73730,
Clearly, B vanishes in the domain
b2 % (= o) + (et Fufer) 1, y=Yelr,©) € .
and so, instead of equation , we consider the equation
O+ A, + F'(w(t))o = — S(we) — B(¢)

— [F'(Cowe) — F'(w(t)]o — Co(F'(we) +2)¢p — eN(p+9), in My xR (6.11)
and where we have denoted
S(we) = —& (Ash + A ) w/(t) — 6 (1 - w?(r) ¥ xo2v2e 2% Fe

—Xe Bo(er)w' () — e2|As 2t w'(t) + go(t)e 2VE 'Fe 4 22 |Veh|2w (1)
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—2v2¢oagx<(er) e~V | o=2V2h 4 9\/5} + (1 R
and where
|D,R(er,t,p,q)| + |DyR(er,t,p,q)| + |R(er’,t,p,q)| < Ce* (1 + |er|) "2 el (6.12)

forany0<0<\/§and72%.

Observe that S(w.) coincides with S(w.) where ¢; = 1, but we have basically cut-off the parts in S(w.)
that, in the local coordinates X, 4 j, are not defined for all ¢ € R.

Using (5.16)) and since the support of (5 is contained in a region of the form

[t+h| < g(l — 1) + 2?;5 <log(2€\?) + log(£*r?) + log(2(N — 2)))

we compute directly the size of this error to obtain that
I1S(we)llp.2- =0 < C*2 (6.13)
for any o € (0,v/2).

To solve system (6.9)-(6.11)), we first solve equation (6.9), using the fact that the potential 2 — (1 —
¢3)(F'(we) + 2) is uniformly positive, so that the linear operator there behaves like Agnv+1 — 2. A solution

1) = U(¢) is then found using contraction mapping principle. We collect this discussion in the following
proposition, that will be proven in detail in section 7.

Proposition 6.1. Assume 0 < o < /2, 1 >0, p > 2 and let the function h satisfy ([3.23). Then, for every
€ > 0 sufficiently small and for a fized function ¢, satisfying that

[@ll2.p,00 <1

equation has a unique solution ¥ = V(). Even more, the operator ¢ = U(¢) turns out to be Lipschitz
in ¢. More precisely, 1 = U(¢) satisfies that

[Wlx = ID*llpa~ + 11+ 77 (a2)) DYl oo veny + (1 + 7 (a)) ] Lo vy
< (0™ e blapno ) (6.14)

where 0 < fi < min(2u, g+ 0v/2, 2+ 0v/2) and

1(¢) — T(d)||x < Ce¥5 % — Dllap e (6.15)

Hence, using Proposition we solve equation with ¢p = ¥(¢). Let us set
N(¢) := B(¢) + [F'(Gwe) — F'(w(t))]¢ + G(F'(we) +2)¥(4) + GN[o+ ¥(4)].
We need to solve
Bt + As.¢ + F'(w(t)) ¢ = —S(w.) — N(®), in . xR, (6.16)
To solve system , we solve a nonlinear and nonlocal problem for ¢, in such a way that we eliminate

the parts of the error that do not contribute to the projections onto w’(t). This step can be though as an
improvement of the approximation w..

We use the fact that the error has the size
IS(we)lpa-z 0 <75 (6.17)
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and, as we will see in section 7, for 7 = % > 0, N(¢) satisfies that
IN(@)[lp,a-2.0 < Ce¥T (6.18)

e
IN(¢1) = N(¢2)llp.a—2.0 < Celldr — ball2p2.0; (6.19)

for ¢1, ¢ € B, a ball of radius (’)(52_%) in the norm || - | 2p.2- % 0 A direct application of the contraction
mapping principle allows us to solve the projected system
Ond+ As, ¢+ F'(w(t)p = — S(wo) = N(¢) + c(y)w'(t), in Te x R. (6.20)
/d)(y,t)w’(t)dt ~0, yex.. (6.21)
R

where
o) = [ [Stw) + N@)] wyat.
R
This solution ¢, defines a Lipschitz operator ¢ = ®(h). This information is collected in the following
proposition.

Proposition 6.2. Assume 0 < n <2, 0< 0 < /2 and p > 2. For every € > 0 small enough, there exists
an universal constant C' > 0, such that system (6.20)-(6.21) has a unique solution ¢ = ®(h), satisfying

19]l2,p,2- 5,0 < C* V2
and R R
|®(h) = @(h)||2.p.2- 2.0 < Ce*Th — hll2p245
for some fixed B > 0 small.

At point we remark that to complete the proof of Theorem [I] it remains to adjust the nodal set, using
the parameter function h, in such a way that the coefficient ¢(y) in the projected equation (6.20)) becomes
identically zero. This task is pursued in the next subsection.

6.2 Adjusting the nodal sets. First, we estimate the size of the error of the projected problem. For
that we estate the following Lemma.

Lemma 6.1. Assume U(y,t) is a function defined in X X R and for which

sup (14 r(ey)“)e"lt' 1| e (B, (y,0)) < 00
(y,t)€X xR

for some o, >0 and p > 2. The function defined in ¥ as

g(y) :== /R\Il <y,t> w'(t)dt

€
satisfies the estimate

_N -
Igllpu <Ce™ % sup  (L+7(m)")e” ™ W]l (5, (40)-
(y,t)EZEX]R

Proof. 1t is enough to notice that

Y p
/ lg(y)|PdVs =/ (/ v <*>t> w’(t)dt) dVs
R—-1<]y|<R+1 R—1<|y|<R+1 \JR €

=¢ R—-1<]y|<R+1 /R ‘\II (g’ t) ‘p [ (8)[PdtdVs

<N / / U (g, 6)F | (8) Pt Vi,
Bz qjpic it Jr
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Nle

DY / / [T (g, t)[P|w' (t)[Pdt dVs,
J>No.e [k|>0 1<|gl<i+1 J[t—k|<1

where Ny . := |£=1] and Ny, := [ZH]. Since the set {: j —1 < || < j + 1} can be cover with O(j~V

balls of radius 1, we conclude that

Nl,e
[ ST LD SIS S i
—1<]y|<R+

j>No,e |k|>0
le
<cV g, S f g1 vy,
j=No.« i<l|gl<j+1

<cevrjul,, | v,

R—1 |~ _ R+1
<yl
so that

_1
l9llp.s < Ce™ 7 |¥]|p,p0
for < pu— %.

To conclude the proof of Theorem [I| we choose the function h in such a way that
cly) = /]R [g(wg) + N(CD)} w'(t)dt =0, ye€ ..
Let us write
Q== [ St (ot Quih) == [ N(@)w/(0)as
From , and lemma ﬂ wﬂg find for 7 = % that :

o1
||Q2(h)||p,4f‘rf% < 051+ P
and R . .
1Q(h) = Qo(M)llpamxy < CEFT77|h — hll2p245.
Next, we analyze the term Q;(h). Using the decomposition in (5.7]) we set
co = |[w'|[Zemy: a0 = IIw'HZ?/RG(I —w?(t))eY ! (t)dt

and evaluating at e 'y we find that
e Ql / S WS =

—coe® (Ash + |As*h) + 2v2ageV? x. e V2 e oy Eo(r)uw' (1)
—2v2¢0 agx. (er) g2V [672\/511 -1 +2\/§h] +/ G R (t)dt
R
We know from ([5.14]) that
1Eollpa < Ce®.
On the other hand, if h is such that ||k||2 p 2+ < Ce™, then
‘2\/500 apxe(er) e~2V2TF [e‘zﬁh -1+ 2\/§h} ‘ < Ce?(1+7r)72h?

so that .
| — 2v/2co agye e~ 2V Fe { “2V3h +2fh] lpois < Ce¥™, 7> 0.

)
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and the Lipschitz dependence of this term respect to h and in the topology described above, holds true
with Lipschitz constant O(£2%7).

Finally, from (6.12) it is straight forward to check that
‘ / ¢ R’ (t)dt
R

being as well a contraction, with Lipschitz constant O(g2+ ™).

< Qe > T
p,2+p

Hence applying Proposition (4.1]) and a fixed point argument for A in the ball
B:={he WD) : |hllaposs <Ce™}, p>N

loc

we find h in such a way that ¢(y) = 0, and this finishes the proof of Theorem [I} The next section is devoted
to provide the proofs of the propositions and lemmas mentioned here.

7. GLUING REDUCTION AND SOLUTION TO THE PROJECTED PROBLEM.

In this section, we prove propositions [6.1] and [6.2} The notations we use in this section have been set up
in sections 4 and 5.

7.1 Solving the Gluing System. Given a fixed function ¢ such that ||¢[/2,p ..o < 1, we solve problem
(6.9). To begin with, we observe that setting

Qe(x) = 2— (1= G2) [F'(we) +2].
there exist constants a < b, independent of €, such that
0<a<Q(x)<b, for every z € RV,
Using this remark, we study the problem
A = Qe(x)p = g(x), =eRVH (7.1)
for a given g = g(z) such that
lgllp.p~ = sup (14 R*(e2))llgllLo(p o)

TzeRN+1

Solvability theory for equation ([7.1)) is collected in the following lemma whose proof follows the same
lines as in lemma 7.1 in [13] and [16].

Lemma 7.1. Assume p > 2 and i > 0. There exists a constant C > 0 and €y > 0 small enough such that
for 0 < e < eg and any given g = g(x) with ||g||p,a,~ < 00, equation (7.1) has a unique solution ¢ = ¥ (g),
satisfying the a-priori estimate
1¥llx < Cligllp.a~
where
[¥llx = [1D*Pllp,a~ + (1 + 7 (@) (2)) DY|| Lo @1y + [[(1+ 77 (a)) ]| Lo (v 41)-

Now we prove Proposition Denote by X, the space of functions ¢ € WP (R¥+1) such that ||| x <
oo and let us denote by I'(g) = 4 the solution to the equation (|7.1) from the previous lemma. We see that
the linear map I' is continuous i.e

IT(9)lIx < Cligllp,pa~
with 0 < 1 < min(2u, g+ 0v/2, 2+ 0v/2). Using this we can recast as a fixed point problem, in the
following manner

Y =-T((1-¢)S(w:) + V- Vo + ¢AG + (1 —C) N[Gé + ¢]) (7.2)
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Under conditions (3.23) and ||¢||2,p,u,0c < 1, we estimate the size of the right-hand side in (7.2). Also
recall from ([6.13))

1S(5<)llp2- g0 < O3
for any o € (0,1/2). Since the support of (s is contained in a region of the form
e —1< ‘t+h|§95+1

where

0e(0) = 2 (1~ mu(er)) + mu(en)e Fufer) =1,y = Ya(r,0) € 2,

we estimate directly for 0 < & < 2, to get that
11 = G2) S(we)llpn < CE®
for some ¢ > 0 sufficiently small.
As for the second term in the right-hand side of (|7.2]), the following holds true

2V( - Vo + AL < C(1—C&)A+r(ey) e M ¢ll2p 00

< CeELH V) M Yll2pne-
This implies that )
12VC2 - Vo + dAGlp it 2~ < Ce V2 [[@ll2,p 0
Finally we must check the lipschitz character of (1 — (2)N[(2¢ + ¢]. Take 11,12 € X. Then
(1= G2) [N [C2¢ + 1] — N [Cagp + o] <
<A -Q)IF(W+Go+1) = F(w+ Qo+ v2) — F'(w) (i1 — 2|
< C(1-¢) Sup] 1C1¢p + sty + (1 — 8)iba| |1 — 9al.

s€[0,1

So, we see that

(1 = C2) N G20 + ] = (1 = C2) N [C2¢ + ][]}, 25,0
< CV2 (|| @lloo,po + 11]lx + 1allx) 161 = 2l oo,

< CeVvE|lihr — Yalloo, iy~

In particular, we take advantage of the fact that N(p) ~ ¢?, to find that there exists a > 0 small such
that .
1= G2) N (G20)llp 2y < CV2 1613 100 -

Consider I' : X — X, I' = I'(¢) the operator given by the right-hand side of (7.2). From the previous
remarks we have that ' is a contraction provided ¢ > 0 is small enough and so we have found ¢ = I'(¢))

the solution to with
lélx < C (&2 + e 6 lapne ) -

We can check directly that ¥(¢) = ¢ is Lipschitz in ¢, i.e
[W(p1) — U(d2)|lx <
Cll(1—G) [N (Gé1 + ¥(P1)) — N (Gd2 + ¥ (d2)]ll, 0.~
< C=V2 ([ W(¢1) = U(02)x + |61 = d2ll2.p.00)
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so that for e small, we conclude

[W(p1) — W (d2)|lx < Ce™||p1 — d2ll2,pp,0-

7.2 Solving the Projected equation (6.20))-(6.21). Now we solve the the projected problem
Ond + As.d+ F' (w(t))d = —S(w) — N(¢) + c(y)w'(t), in . xR.

/R 6y, D! (#)dt = 0.

To do so, we need to study solvability for the linear equation

O+ As. ¢+ F'(w(t))p = gy, t) + c(y) w'(t), in X xR (7.3)

A¢(y7 t)w'(t)dt = 0. (7.4)

Solvability of (7.3])-(7.4) is based upon the fact that the heteroclinic solution w(t) is nondegenerate in
the sense, that the following property holds true.

Lemma 7.2. Assume that ¢ € L>°(RN*L) and assume ¢ = ¢(2',t) satisfies
L(¢) := 0ud + Dpn o+ F'(w(t))p =0, inRY xR, (7.5)
Then ¢(z',t) = Cw'(t), for some constant C' € R.

For the detailed proof of this lemma we refer the reader to [13], [I6] and references therein.
The linear theory we need to solve system (6.21]), is collected in the following proposition, whose proof

is again contained in essence in proposition 4.1 in [13] and [16].

Proposition 7.1. Assume p > 2, 0 < 0 < /2 and pp > 0. There exist C > 0, an universal constant, and

g0 > 0 small such that, for every e € (0,¢9) and any given g with ||g|p,u.0c < o0, problem (7.3)-(7.4) has a
unique solution (¢, c) with ||@||p,u.0 < 00, satisfying the apriori estimate

1D?@llp .0 + 1Dl + [ Dllo0.u0 < Cllg

p,u,0 -
Using Proposition we are ready to solve system (6.20)-(6.21)). First, recall that as stated in (6.13])
- Yo
||S(Ws)||p,2—%,a <Ce™ vz, (7.6)

From proposition we have a nonlocal operator ¢ = ¥(¢). We want to solve the following problem
Recall that
N(¢) := B(¢) + [F'(Cawe) — F'(w(t))] ¢ +

+ G[F'(we) + 2]¥(h) + N (6 + ¥ (¢)).

Let us denote

Ni(¢) := B(¢) + [F'(Cewe) — F'(w(t))] ¢

No(¢) = G [F'(we) +2]¥(¢)

N3(¢) == N(¢ + ¥(9)).
We need to investigate the Lipschitz character of N;, i = 1,2,3. We begin with N3. Observe that
IN3(¢1) — Na(¢2)| = C2|N(p1 + ¥(h1)) — N(p2 + ¥(¢2))|
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<CG Sl[tpl] I7(p1 + U (P1)) + (1 —7)(2 + VU(d2))| - [¢1 — P2 + ¥ (p1) — ¥(g2)]
T7€|0,
S CU(P2)] + @1 — Pa| + [¥(d1) — W(a)| + [@2]] - [|61 — 2| + [¥(P1) — ¥(¢2)]] -
This implies that
||N3(¢1) - N3(¢2) p,2u,0 <
< O [ + (1910 + 192]l00,m,0] - D1 — D2lloo 0 -
Now we check on Ny (¢). Clearly, we just have to pay attention to B(¢). But notice that B(¢) is linear
on ¢ and

B(¢) = —* {Ash+ [As*(t + h)} O;¢
—2eVsh(ey)0: Vs, ¢ + €2 [Vh(ey)]?0ud + De n(0),

where the differential operator Dy j, is given in (3.25). From assumptions (3.23|) made on the function h,
we have that

[IN1(¢1) = Ni(d2)llp 140 < Celldr — ¢2
Then, assuming that ||@[l2,p. 0 < Ae®” V3| we have that
IN(D)lp,1+p.0 < ce*™ v

Setting T'(g) = ¢ the linear operator given by the Lemmal7.1] we recast problem (6.20) as the fixed point
problem

2,p,p,0*

¢ =T(-S(we) —N(¢)) = T(¢)
in the ball
B.:= {¢ e W2P(S. x R) : |6

loc

2,p, 1,0 S A€2_%}
where0<u§27%.
Observe that
1T (1) = T(P2)ll2.p,u+1,0 < CIN(P1) = N(P2)llppt1,0 < C elldr — P2llzppor P1, 02 € Be.

On the other hand, because C' and K; are universal constants and taking A large enough independent of
€ > 0, we have that

IT() 2o < C (IS lp2-5.0 + IN@lpas) < A, g€ B..

Hence, the mapping 7T is a contraction from the ball B. onto itself. From the contraction mapping
principle we get a unique solution

¢ = @(h)
as required. As for the Lipschitz character of ®(h) it comes from a lengthy by direct computation from the
fact that B
[®(h) — @ (h)]

2,p,2= 5.0

< CS(we, h) = S(we, h)llp- 2.0 +

FIN(R(R)) — N(B() s o

We left to the reader to check on the details of the proof of the following estimate

19 (h) = @(R)ll2p,2- 25 o2 < O™ V3 | = bl

for h and h satisfying (3.23]). This completes the proof of proposition and consequently the proof of
Theorem [
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8. THE PROOF OF THEOREM 2

8.1. Remarks on the profile of the solutions found in Theorem In order to proof our second
result, we need further information about the asymptotic profile of the solutions predicted in Theorem
as the parameter ¢ > 0 approaches zero.

Let us focus for the moment in the set ¥, ;. Taking a closer look to the error (6.12) of the initial
approximation 4, described in section [bl we observe that the

S(a) = —e2 {Ash +|AsPhYw'(t) — 6 (1 —w?(t)) eV x. 2v2e 2V ey
—xe Eo(er)w'(t) + go(t)e 2V "Fe — 2| Ac2tw/(t) + 2 |Vsh[2w (1)
—6(1 — w2(t))e‘/§txs(57") g2V [672\/5}1 -1+ 2\/§h} + R.
and where
|D,R(er,t,p,q)| + |DyR(er,t,p,q)| + |R(er’,t,p,q)| < Ce* (1 + |er|) "2 el
for some 0 < o < v/2 and some T = %
Let us consider 9y(t) to be the bounded solution to the equation
Outbo(t) + F'(w(t))vo(t) = go(t), tER (8.1)

given explicitly by the variations of parameters formula

t o)
wl) =w'®) [ w6 [ Ol deds (52)
0 s
From (8.2]), we obtain the estimate
(1 + V2 %m0y ) 000 <0, jeN.
L>(R)
Let us also consider the function 1 (t) solving

Outh1 (t) + F'(w(t))1(t) = tw'(t), teR. (8.3)

Proceeding as before, we see that

t [ee]
wilt) = —wlt) [ w'5)? [ ew(©)? deds
0 s
and 11 (t) = —3tw'(t), from where the following estimate follows at once

||60|t|8t(j)¢1||Loo(]R) S Cj, j S N, O<o< \/5
So, we take the function
We(x) = we + o (8.4)
as a second approximation, in a way that in the region N ; and in the coordinates X, j
B0y, t) = —e 22 (1) + 2 A (ey)|? i (1)
for the upper hemisphere, while in the lower part, the function ¢q is described as
—1
Go(y, t) = —e 2V ey (—t) + 2| As(ey) 1 (8).
Proceeding as we did to verify (5.16]) we verify that the error created by w. has the size
IS(¥e)llp.2,0 < C**7

and we can run the reduction procedure in the exact fashion as we did in section [6]to find that our solutions
ue having in the region A ; the asymptotic profile

us = U+ ¢o+ ¢e
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for a function ¢. such that

| ll2.p.2.0 < Ce2t7, for0 <7< V2

8.2. Energy and Morse Index estimates: Estimate the Morse Index of the solutions described in
are deeply connected with the number of negative eigenvalues for the linear Hardy equation

Apvk + (2(N =2)+X\)r2k=0, in{R.<r<oo}, ke L>®{r>R.}). (8.5)

Our analysis is based upon the fact that test functions of the form
v(@', znt1) = k(y) (W' () —w(t — 2 F. —2h)],  for r(ey) > R..
with k(y) = k(ey), for y € X and k as in (8.5]), are negative direction for the quadratic form

Qv,v) = //W Vo2 — F'(u:)v?da

Due to the symmetries considered in our discussion, we focus our analysis in the upper part of the surface
Ye. The exact same analysis and computations hold true in the lower part of the dilated surface.

Let k£ be a smooth, axially symmetric and compactly supported function defined in . whose support is
contained in the set {r(ey) > R.}. In the set X. ; 4 where z =t + h(ey), we consider a test function of the
form

v(@' xnt1) = k(y) [w'(t) —w(t —2e7'F. — 2h)], for r(ey) > R.. (8.6)

To compute the euclidean Laplacian for v in M j, we notice first from (8.4) that in the upper part of the
dilated surface 3. and in the coordinates X,

F'(u)w'(t) = F'(w)w' +
F'(w)w (=2 V2 4+ (1)) e V2T ) 4 22| g2y (1)

+ o (52”(1 +7‘(5y)2)7167"|t‘> . (87)

As for the interaction term we compute

F'(u)w'(t —2e 7 F. — 2h) = F/(w(t — 2" F, — 2h))w'(t — 2e 7' F. — 2h)

FVR(F (w) = F/(1))eV?em 22T 10 (5767 t](1 4 r(ey)) )
for some 8 > 0.
Hence, from expression and the above comments
Ax_ v+ F'(u)v =

As kw' — 2| Ak tw” + 2|Vh[*kw"” + ca1 h Vs kw'
Q1
+ P (w()) [(~2¢V2 = wo(8)e VAT A 1 22 A 200 ()] R

Q2
V2(F'(w) — F'(1))eV?e 2V et
Qs
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—w" [E2Ts(h)k + 26 Vsh Vs k + €% a; h(VshVek + Ashk)]
Qa
etw' [aAs, k + by Vs K] +O (52”1 (1+ r(ey)%ﬁ)*le*”\tl) (8.8)

@s Qs
for any 7 < 7.

Since F'(w) = —6w, taking derivatives in equations (8.1) and (8.3) and integrating against w’(t), we

easily check that
/ P (w) () 2o (£)dt = — / ()2t
R R

/R B w)(w' o (0t =~ [ tw'udt = % [ wyzae

R
/F” 2eft+¢0( dt = f/ 1—w?)eV2hw'dt = \/iao/(w’(t))th.
R
Also, F'(w) — F'(1) = 6(1 — w*),and we find that
. ft / _ a W 24t
f/ 6(1 w'(t)dt \@O/R( (t))2dt

Observe also that
/ Bt = /QZ Bt + O (77 (1 + r(ey)® ™))
[t|<pe

~ L=me)— 273;5 <1Og< {a()) + 210g(5r)> .

where

pa(y) = ( 776)

We observe also that

5
/Zin’(t = (As.k+ €Ak + 2v/Bage 22 Feh k+5a1h@]k)/ ()2t
R=1

R

and
/ Qo w' ()dt = OEr(ey) )0k + O (£¥r(ey) =) Vik
R

Combining these computations , we have that

/ (Av+ F'(u)v)w' (t)dt = (As.k + €?|As|?k + ca1hd;jk) / w' (t)dt
|t]1<pe R

+2v2a, e*Qﬂ(E_lFEJFh)k/w'(tfdt
R

+0(%r(ey)?)D3 k + O (°r(ey) ™) Vs k + O r(ay) 2Pk
Regarding computations in the lower part of 3. we find that
F'(uo)w' = F'(w)w' +
+ F(w)w |22 = (1)) e 2V A g2 ag 2y, (1)

e (52+ﬁ(1 +r(gy)2)—1e—”\tl) (8.9)
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and the interaction term this time takes the form
F'(u)w'(t —2e 1 F. — 2h) = F'(w(t — 2e "' F. — 2h))w'(t — 21 F. — 2h)

—VR(F(w) = F'(1)e” Ve 2T 4 0 (2477t (1 4 fey) 7).
Similar computations as the ones above, in the region

Wg. ={x € N :r(ex) > R}

lead to the expression

Qv,v) = // |Vo|? — F'(u.)v?dx
Whr.
2/ w'(t)%d / Vs, k|2 — 2| As|?k? + 2v2a0e ™2 V2(eT Feth) k2dVs,
R .

+0 <€/ |Vsk|? + (1 + r(ey))2ﬁk2dVEs> .
e
Finally, since

- 2(N —2)¢?
2 Bage 22 e = HNEDE | gty )

we find that

2V 2age V2EFeth) _ 2 (2(]\;2 2)*(1 +p(r)))

where p(r) = O(r~?) is smooth and
Vs = Very + 4+0(r1)0,.

E2(1+r) " <|As)? < C21 47", r>R..
Consequently, we obtain

2(N —2
Qv,v) = fyo/ |Vevk|? — 52¥k2dr +em0O / |Venk[? +e2(14er) 27 P)k% | .
(ey)>R- r (ey)>R.
(8.10)
Let k(y) be an axially symmetric solution of the equation
Apvk + (2(N —2) + M) 2k =0, in{R. <7< oo}
with

= VA (N 10V )

so that we may write explicitely

k(r) = cos(Am, log(r))r_¥ .

Letting k(y) be axially symmetric and defined in ¥, in a way that in coordinates X, j(r, 6,t) it coincides
with k(er), but cut off at infinity.

With v(z’, zn41) as in and from , it follows that
Qv,v) = // |Vo|? — F'(u.)v?de
Wgr

—2yp e NF2 m2/ r2k%dr + O 5“/
r(y)>Re r(y)>R

|Venk|? + (14 r)2k2>]

e
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and we conclude that Q(v,v) < 0 for every € > 0 small.

Since 3 < N <9 and since m € N is arbitrary, for every m € N, we obtain a negative direction for ) and

consequently a lower bound for the Morse Index of u.. Taking m — oo we conclude the proof of Theorem

(1
2]

(3]
(4]

(5]
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