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Abstract

Given a smooth bounded domain €2 of R™ and consider the problem

{ —Au=|ulP -ty inQ

(0.1) u=~0 on 0f)

where t is a large positive parameter, p > 1 and ¢ is an eigenfunction of —A with Dirich-
let boundary condition corresponding to the first eigenvalue 1. Assuming that 2 con-
tains a k-dimensional compact submanifold K which is stationary and non-degenerate
for the weighted functional

such that dist(K,0Q) > dp > 0 then for 1 < p < ztg:z we prove the existence of a
sequence t = t; — 0o and solutions u; that concentrate along K. This result proves in
particular the validity of a conjecture by Hollman-Mckenna in full generality, see [19],

extending the result in [1] where the case n = 2 and k = 1 has been considered.
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1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Given a smooth bounded domain €2 of R™, n > 3 and consider the following elliptic
Ambrosetti-Prodi type problem

—Au=g(u)—typ in Q
(1.1) { u=0 on 0N
where t is a positive real parameter, ¢ is an eigenfunction of —A corresponding to
the first Dirichlet eigenvalue A1, and the function g satisfies

t t
lim@:u>)\1> limﬁzu
t—+oo t t—w—oc0 t
Here, ;1 = 400 and v = —oo are allowed.

This problem have attracted lot of attention in the last decades and many works have
been devoted in understanding the number of solutions, we refer the interested readers
to [2, 3] and the references therein. It has been proved that if g(¢) grows sub-critically
at 0o, then problem (1.1) has at least two solutions: one is a local minimum of the Euler
Lagrange functional and the other is a mountain-pass type solution. If g(¢) = ¢2 and Q is
a unit square in R?, Bruer-McKenna-Plum [3] showed, using a computer assisted proof,
that (1.1) admits at least four solutions. If € is the unit ball and g(¢) = ¢2 de Figueiredo-

Santra-Srikanth [11] proved that (1.1) possesses a non-radially symmetric solution for
t > 0 large. Later Dancer-Yan [7, &], considered the case where g(¢) = [£[P with p
N +2

subcritical (1 < p < , N >3and p € (1,+00) for N = 2). They constructed

solutions with sharp ][Yeakg near local maximum points of ¥ or near the boundary.
Solutions with arbitrarily many peaks, as t — oo; has been also constructed. This proves
in particular a conjecture due to Lazer and Mckenna, see [23]. These results have been
also extended to different kind of nonlinearities, see for instance [14, 8, 9, 24, 25, 37, 35]

and some references therein.

All the a results mentioned above concern point concentrating solutions. A natural
and interesting question is then whether solutions exhibiting concentration on higher
dimensional sets exist. This is in fact a conjecture formulated by Hollman-McKenna in
[19] based on some numerical evidences. For solutions concentrating on higher dimen-
sional sets for equation (1.1), we are aware of very few results. The one-dimensional case
with N = 2 has been recently studied by Bakhti-Santra [1]. They proved that given a
closed curve I in €2, which is stationary and nondegenerate with respect to the weighted

functional [ zp% and which satisfies dist(I', 0€2) > 0, then as ¢ tends to zero and satis-
fying some gap condition (to be described later), problem (1.1) has a solution u. which
concentrates near I'. The gap condition is in fact related to a resonance phenomenon,
which is a typical phenomenon for concentration on positive dimensional sets and that
one meets in the study of higher dimensional concentration for several problems such
as singularly perturbed equations, nonlinear Shrodinger equation, constant mean cur-
vature hypersurfaces, etc. These results shows in fact that high dimensional-bubbling
phenomenon is conceptually quite different to point bubbling.
Note that setting €2 = t~P~1/P it is easy to check that u is a solution of (1.1) (with
g(u) = |ulP) if and only if t~/Pu is solution of
» [em=ir s o
u=0 in 0€).
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The main purpose of this paper is to prove existence of solutions to this above problem
that concentrate at a submanifold K of dimension 1 < k <n—1with1 <p < Z:gfg
ifn—k>3andpe (1,4+00)if n—k=1,2.

Noticing the similarities between the above Ambrosetti-Prodi type problem and the
nonlinear Schrodinger equation with potential in the whole space or in a compact rie-
mannian manifold without boundary. The latter one has been extensively studied in
the last decades and solutions concentrating at points or high dimensional sets has been
obtained. We refers the reader to del Pino-Kowalczyk-Wei [12] for curve concentration,
Mahmoudi-Malchiodi-Montenegro [30] for curve concentration but for complex-valued
solution with highly oscillatory phase and Mahmoudi-Sanchez-Yao [26] for higher di-
mensional concentration. See also [13, 10, 16, 28, 29, 31, 32, 33, 34, 38] for some related
problems.

If one looks formally for solutions that concentrate near a submanifold K of dimension
k, we choose an appropriate system of coordinates (Fermi coordinates) (y, z) € K xR"F,
Then, scaling on n — k variable, the profile of solutions concentrating near K is given
by the ground state Uy, of the limiting equation

(1.3) — Au+1(y,0) —uP =0 in R™F.

Then one formally looks for solutions which behave qualitatively like
-

(1.4) Ue(x) ~ Ud,(y)(xi(y)), as € tends to zero

€
where @ is a normal section defined on K. Since Uy, decays exponentially to 0 at
infinity, us vanishes rapidly away from K.

Note that unlike the point concentration case, the limit set is not stationary for the
potential 1. Indeed, define the energy functional

(1.5) E(a):/g(f\vguﬁw(z)u)—w X

If we look for solution of the forme u = Ug + ¢ where Uk is an approximate solution
with leading term given by the function u. defined in (1.4), then performing the change
of variables

’u‘PJrl_

u(z) = P (wo)*v <¢($0)’8 95)
with an appropriate choice of the constants o and 3, one gets that
p—1p+1 n—k

p (p —1 2 )

Based on the above energy considerations, one can suspect that concentration on k-
dimensional sets for k = 1,--- ,n — 1 is expected under suitable stationary and non-
degeneracy assumptions on the limit set K.

By adapting an infinite dimensional version of the Lyapunov-Schmidt reduction method
developed in [12], Manna-Santra [12] successfully proved the validity of the Hollman-
Mckenna conjecture for n = 2 and k = 1. The main aim of this paper is to generalize
this result to any dimension and codimension. For this purpose, we first recall the key
steps in [1] [12] and [39]. The first main step is the construction of proper approximate
solutions for general submanifolds, to this aim we first expand the Laplace-Betrami
operator for arbitrary submanifolds, see Proposition 2.1. Then by an iterative scheme
of Picard’s type, a family of very accurate approximate solutions can be obtained, see
Section 3. Next we develop an infinite dimensional reduction such that the construction
of positive solutions of problem (1.1) can be reduced to the solvability of a reduced

E(UK)Nen_k/ Y7 dvol, with o=
K
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system (4.10). For more details about the setting-up of the problem, we refer the reader
to Subsection 4.1. Our main result of this paper is the following:

Theorem 1.1. Let Q be a smooth n-dimensional bounded domain and let ¢ : Q& — R
be an eigenfunction of —A with Dirichlet boundary condition corresponding to the first
etgenvalue \1. Given k = 1,....n—1, and 1 < p < Zf%:i Suppose that K be a

stationary non-degenerate smooth compact submanifold in € for the weighted functional
Y q
[ et PG v
K

with dist(K,0Q) > § > 0, then there is a sequence €; — 0 such that problem (1.1)
possesses solutions ug; which concentrate near K. Moreover, for some constants C,
co > 0, the solutions uc; satisfies globally

|ue; (2)] < Cexp (— co dist(z, K) e5).

The gap condition on ¢ is due to a resonance phenomena, namely the existence of
values of ¢ for which the linearised operator is not invertible. Similar conditions can be
found in [4, 12, 39] and some references therein.

Before closing this introduction, we notice that problem (1.1) is similar to the following
singular perturbation problem

(1.6) A ju—V(2)u+uf =0 in M,

where (M, g) is a compact smooth n-dimensional Riemannian manifold without bound-
ary or the Euclidean space R", ¢ is a small positive parameter, p > 1 and V is a
uniformly positive smooth potential. In [26], Mahmoudi and al. proove the following
result: Given k=1,...n—1,and 1 < p < Zi‘g:ﬁ Assuming that K is a k—dimensional
smooth, embedded compact submanifold of M, which is stationary and non-degenerate

with respect to the functional [} V%JLdevol , we prove the existence of a sequence
€ = ¢; — 0 and positive solutions u. that concentrate along K. This result proves in
particular the validity of a conjecture by Ambrosetti and al. [l], extending a recent
result by Wang and al. [39], where the one co-dimensional case has been considered.
This latter problem arises in the study of some biological models and as (1.1) it exhibits
concentration of solutions at some points of . Since this equation is homogeneous,
then the location of concentration points is determined by the geometry of the do-
main. On the other hand, it has been proven that solutions exhibiting concentration
on higher dimensional sets exist. For results in this direction we refer the reader to

[ I ) i I I 9 ]'

The paper is organized as follows. In Section 2 we introduce the Fermi coordinates
in a tubular neighborhood of K in M and we expand the Laplace-Beltrami operator in
these Fermi coordinates. In Section 3, a family of very accurate approximate solutions
is constructed. Section 4 will be devoted to develop an infinite dimensional Lyapunov-
Schmidt reduction and to prove Theorem 1.1.

Acknowledgments. The research of the second author has been supported by Fondecyt
Grant 1140311, fondo Basal CMM and “Millennium Nucleus Center for Analysis of PDE
NC130017".
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2. PRELIMINARY BACKGROUND

This section will devoted to introducing some geometric background like Fermi co-
ordinates which play important role in the higher dimensional concentrations. We first
introduce the auxiliary weighted functional corresponding to problem (1.1).

2.1. Stationary, non-degenerate submanifolds. Given a k-dimensional compact
submanifold K of R", 1 <k <n —1 and let {K;}; be a smooth one-parameter family
of submanifolds such that Kg = K. We define weighted functional

1.,p+1 n—k

(2.1) Et) = . Y7 dvol, with  o=(1- Z)(E - ).

Denote VT and V¥ to be connections projected to the tangential and normal spaces on
K. We give the following definitions on K which appeared in Theorem 1.1.

Definition 2.1 (Stationary condition). A submanifold K is said to be stationary relative
to the functional [y ?dvol if

(2.2) oV = —H on K,
where H is the mean curvature vector on K.

Definition 2.2 (Nondegeneracy (ND) condition). We say that K is non-degenerate if
the quadratic form

o o1 o 2
/K {<AK<I> + Vv Vi, <1>> + MH(Q)Q - J(VN) b [®, D
(2:3) + Fz<<1>>r2<<1>>}wf’ det(g)

defined on the normal bundle to K, is non-degenerate.
Here and in the rest of this paper, Einstein summation convention is used, that is,
summation over repeated indices is understood.

2.2. Expansion of the metric near geodesic normal coordinates. Let K be
a k-dimensional submanifold of R™ contained in € such that dist(K,0Q) > 69 > 0
(1 <k <n-1). Define N = n — k, we choose along K a local orthonormal frame
field ((Ea)a=1,- k, (Ei)i=1,..,n) which is oriented. At points of K, we have the natural
splitting
R"=T,K ® N,K

where T, K and N,K are respectively the tangent space to K and the normal space of
K at p, which are spanned respectively by (E,), and (E;);.

We denote by V the connection induced by the metric g and by V¥ the corresponding
normal connection on the normal bundle. Given p € K, we use some geodesic coordi-

nates y centered at p. We also assume that at p the normal vectors (E;);, i =1,..., N,
are transported parallely (with respect to vy ) through geodesics from p, so in particular
(2.4) g(Ve,E;,E;))=0 atp, Vi,j=1,...,N,a=1,...,k

In a neighborhood of p in K, we consider normal geodesic coordinates
f(§) =exph (y"Ea), Vi= ", ....9¥"),

where exp” is the exponential map on K and summation over repeated indices is under-
stood. This yields the coordinate vector fields X, := f,(9ya). We extend the E; along
each geodesic vg(s) so that they are parallel with respect to the induced connection
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on the normal bundle NK. This yields an orthonormal frame field X; for NK in a
neighborhood of p in K which satisfies

Vx,Xil, € ToK.
A coordinate system in a neighborhood of p in €2 is now defined by
(25)  F(5.7):=fly) +2'Xi(f(y) V@) =yt 2,
with corresponding coordinate vector fields
Xi = F,(0,) and X, := Fy(Oya).

By our choice of coordinates, on K the metric g splits in the following way

(2.6) 3(q9) = gup(q) dy® @ dy® + Gij(q) da* @ da?, Vg € K.
We denote by I'2 (-) the 1-forms defined on the normal bundle, NK, of K by the formula
(2.7) goelai = gl o (Xi) = 9(Vix, Xo, Xi) - at ¢ = (1)

Define ¢ = f(y) = F(y,0) € K and let (gu(y)) be the induced metric on K. When
we consider the metric coefficients in a neighborhood of K, we obtain a deviation from
formula (2.6), which is expressed by the next lemma. The proof is somewhat standard
and is thus omitted, we refer to [13, 29, 27] for more general setting.

Lemma 2.1. At the point F(y,x), the following expansions hold, for any a = 1,....k
and any i, =1,...,N, where N =n — k,

Gab = Gab — {Gac Ui + Gue Do } 7 + [Geal G Thy |27
9ij = i
Gaj = 0.
Define K, := %K and Q. := %Q Since F(y,z) is a Fermi coordinate system on

Q, then F.(y,z) := 1 F(ey,ex) defines a Fermi coordinate system on (.. With this
notation, here and in the sequel, by slight abuse of notation we denote ¥ (ey,cx) to
actually mean 1 (ez) = ¢ (F(ey,ex)) in the Fermi coordinate system. The same way is
understood to its derivatives with respect to y and .

Given a smooth normal vector field ® defined on K and define z = £ + ®(ey) so
that (y,€) is the Fermi coordinate system for the submanifold K¢. The parameter ®
will be adjusted later to show that there are solutions concentrating on K¢ for some
subsequence of €.

We denote by g3 the metric coefficients in the new coordinates (y,&). It follows that
0zq 0z
Jap = % Gr6 8?:‘ aT“?'
Which yields
9ij = Gijleto, 9aj = Jajlera +€0:9'Gj1ler o,
and
9ab = Javle+o + 2 {90 %P7 + 90 009 fler0 + % 029" 0597 Gijlera

where summations over repeated indices is understood.
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To express the error terms, it is convenient to introduce some notations. For a
positive integer ¢, we denote by R,(£), Ry(&, @), Ry(&, @, VP), and R, (¢, P, VP, V2D)
error terms such that the following bounds hold for some positive constants C' and d:

|Ry(€)] < Cet(1 + [¢|Y),

|[Rq(€, @)| < C=(1+ [¢]Y),
|Rq(€, @) = Ry(&, D) < Ce(1 + [¢])|@ — D),

|Rg(€,®,V®)| < Ce?(1+ [¢]),
|Ry(&,®,V®) — Ry(&, D, VP)| < Cel(1+ [¢]) (| — D]+ [VE — V),
and
IR, (€, ®,V®, V)| <Cel(1 + |¢|7) + CeTT (1 + |¢]1)| V2D,

|Ry(¢, @, VD, V?®) — Ry(&, , VP, V>P)|
< Cel(1+ €N (1@ — @] + |[VP — VO|) (1 4 | V3| + | V2D|)
+ CeTH (1 + €]V — V20|

Using the expansion of the previous lemma, one can easily show that the following
lemma holds true.

Lemma 2.2. In the coordinate (y,€&), the metric coefficients satisfy

gab = Jab — € {Goel o + Gacl i} (€° + %) + 2Gua T4 (E" + @F)(€ + @) + 20,07 9597,
Gaj = €03®7

9ij = 0ij.

And the inverse metric coefficients g®® satisfy
g =3+ {g T+ 3Tl (€ 4 9)

+ €2 <§ac I% T + g TgTs + g ngrlc)l) (&F + @) (¢ + @) + R3(¢, 2, VD),

g% = —e g 0,97 + 20,97 {:q'bc I+ Fi;} (€' + @) + Rs(&, @, V),

g7 = 8ij + 2§ 0; 9 957 + R3(€, @, V).

Furthermore, we have the validity of the following expansion for the log of the determi-
nant of g:

log (det g) = log (det ) — 2e Ty, (¢" + ®F) — &2 T5, T4 (€™ + @™) (¢ + @') + R3(¢, @, VD).

Proof. The expansions of the metric in the above lemma follow from Lemma 2.1 while
the expansion of the log of the determinant of g follows from the fact that one can write
g =G+ M with

_(9 0 _
G_<O IdRN) and M = 0O(e),

then we have the following expansions

g = +GM) TG = (1 - GTI M+ GTIMGT M + O(| M) G
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and 1
log (det g) = log (det G) + tr(G~*M) — 5tr<(G*1M)2) +O(||M|?).
and the lemma follows at once. O

2.3. Expansion of the Laplace-Beltrami operator. In terms the above notations,
we have the following expansion of the Laplace-Beltrami operator. We postpone the
proof to Appendix A.

Proposition 2.1. Let u be a smooth function on Q.. Then in the Fermi coordinate
system (y,&), the following expansion holds

Agu = 02u+ Ag.u— z-:ngaju 2e G 9507 02 w426 gPTe, (65 4+ %)0%u

+ 2 VP Vrd 0fu — 2T, 9;@F G 0qu + 262007 {gbc re + go° rg} (& + @) 92u
+ & { JUToTS + 3 TGS + g Ty Ty } (&F + M) (¢ + @) 0Zu — T T (€8 + @M)oju
— 2 A Oju + 202,07, (65 + @k)aju —&? (gab 929 — 92{gTY, + §°T?, }) (&* + ") opu

+ 2¢2 {f]d’ re 4+ g« Flc)i} 9y ®' Dyu —l— 5 ¢ 2 9a(log det §) {gTY + geT2 (& + @) dyu

+ R3(¢,®, VO, V2®)(9ju + dau) + Rg(g, ®, V) (97u + 0pu+ Ipu).

Remark 2.1. Notice that the coefficients of all the derivatives of u in the above expan-
ston are smooth bounded functions of the variable y = ey. The slow dependence of theses
coefficients of y is important in our construction of some proper approximate solutions.

3. CONSTRUCTION OF APPROXIMATE SOLUTIONS

The first key step in proving Theorem 1.1 is to construct some proper approximate
solutions. To achieve this goal, we first construct some very accurate local approximate
solutions in a tubular neighbourhood of K. by an iterative scheme of Picard’s type and
to define some proper global approximate solutions by the gluing method.

We first recall the following key lemma and we refer to Theorem 2.1 in [7] for the
proof.

Lemma 3.1. There is an €y > 0, such that for each € € (0, €], (1.2) has a solution u.,
such that 0 > ue > —wi,Vm € Q, and

2A¢()
P ()

where €20(e2) — 0, uniformly on any compact subset of  as € — 0.

+ o(?)

(3.1) ue(x) = —r(z) —

3.1. Facts on the limit equation. Recall that by the scaling, equation (1.2) (with
g(u) = |ulP) becomes

3.2
(3:2) u = 0 on 0f2,

where Q. := Q/e and v(z) = u(ez).
Now given u, be the solution of (1.2) given by the above lemma, we look for a solution
of (3.2) of the form

(3.3) 0(z) = v(2) + ue(ez).

{—Av = |v|P —1(ez), in Qe
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Then we can easily check that v satisfies the equation

(3.4) —Agv = v —q(e2)]? — |q(ez)[P in Qg v=0 on IS,
where
(3.5) a(ez) = aley, ex) = —ue(F(ey, ex).

We consider a further change of variable in (3.4) that remplaces the main order of the
potentiel q by 1.

Writing ¢(ez) = ¥(ey,ex) with x = £ + ®(ey), the following expansion (of the eigen-
function 1) hold true

2
(36) (=2) = (g, 0) + £(VNh(ey, 0),€ + @) + S (V) (ey, 0)f¢ + B + Ry (€, ®).

Using the expansion of the Laplace-Beltrami operator in Proposition 2.1 and the above
expansion of 1, then since the profile of solutions depends slowly on the variable y, the
leading equation is given by

N
i=1
Recalling the definition of q given in (3.5) we define the following functions
—1
uley) = la(ey,0)|"=,  h(ey) = q(ey,0) Vy € K.
(3.8) and
~ p-1 ~ 1
fi(ey) == % (ey,0);  h(ey) := v (ey,0), Vy € K..

Now, we define the following scaling
(3.9) v(y,€) = h(ey)w(y,€) with & = u(ey)¢ € RY.

We will establish the expression of equation (3.4) in the new coordinates (y,£). We turn
to the equation (3.2), in the spirit of above argument, we look for a solution v of the
form (3.9). An easy computation shows that

0 = h Oqw + €(0zh)w + € h Oap £j8jw,

61-2]41 = hu? 82-2]-10,

Bv=¢ (u&)@h + haw) djw + hpd2w + e h e dap diw,

020 = hOZyw + & (Dgh Oaw + 0ah Byw + hog €102 w + hdap & Ow)

+ &2 (0ahOs e Ojw + DshOap? Djw + 0% hw + hoapdpue’s OFw + hoZue d;w),
and
Ag.v=e*Axhw+hAg.w+2eVih - Viw+e? (hAgp+2Vh-Vigp) & 0w
+ &2 h|Vgpu? &g 05w + 26 he Vigp - (Vi 0jw).
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Using the above computations, one can easily see that the Laplace-Beltrami operator
on v can be expanded in terms of w as

htn™2 Ay = Agvw + 2 A w + B(w),
h—p

with B(w) = Bj(w) + Bz(w). Here By and By are respectively given by
Bi(w) = —su_lFZjajw—52u Ire,r e (= §k+<I>k)8w+5 Rt ™2 Aghw
. |
+ 22 (hp®) ' Vih- (i Vi — Mquﬂ) djw+2e b ™ Vgh- Vi w
(3.10)  + &2 (;ﬂéf S quﬂ') (M—Q@' \v quﬂ) 02w
2, =2 f;] J J .
+ 2y (MAK,u,—2VKu-VK® —MAch)ajw
L, .
+ 26u (ZVKM—MVK(I)]> -VKe(ajw),
and
hiBy(w) = —e*hTyVg®  Vi,w
1 - cj cJ
+ 265?08 (= &+ @) (hOZw + & {5 Buw + Dah Bpw + hdgp iagjw + o & yw})
p f
2 i ) ~bc Ta ~ac b 1_1' 2 2 b ck k
+ 22 hpdy® {g T8 + 3 Fd}(—g + @) 02w + 26% h p OH T ( & + o) 9w
+ B2 T TG + 5 TG T }( g’“+<1>’“)(;§l+<1>l) 2w
— 2h (g 0T, — 824 §TY, + geor® —&k + oF) oyw
(7 0ur — ou{T 4 7Tl }) (8 + )
: 1 1.
2 ~cb 1a ~ca Tb 7 2 _ ~\ J=cbpa | ~capb | (T ¢#i i
+ 2 h{g re 4 gearb }al—,@ Daw + 5 € haa(logdetg){g T+ rm}(ﬂg +<I>)3bw
+ R3(€,0, VD, V20) (9w + 0aw) + Ry(&, @, V) (0w + 82w + 0%w).
We set

Se(v) = Agv +[v — q(ez)[” — [q(ez)[",

then by the above expansions one can easily write

h 2 S:(v) = Apnvw + p~ % Ag.w + B(w) + h7P(|hw — alex, ey) [P — |a(ex, ey)|P)
= Agvw + 52 Ag.w + B(w) + R7P(|h(1 — w) + (alex, ey) — h)[P — |a(ex, ey)|P).

Now using the following expansion of the potential q:

3

¢ 2
q(ey, €.T) = q(5y7 0) + 6<qu(5ya 0)’ i + (I)> + %(VN)Qq(gy, O)[; + (I)]Q + RS(éa (I))a
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we obtain
|h(1 — w) + (q(ez, ey) — B) [P = WP|1 — w[P 4+ ph? |1 — w[P~2(1 — w)(q(ex, ey) — h)
—1
L2 Dy (g -y 4 O

=07 [[1 = wf + ph ™1 = w]"~2(1 = w) (e < VVa(ey,0),6 + @ >
1
2

+ 5e2(VV)2q(ey, 0) ¢ + @]%)

5

p(p—1)

2

= hp[\l —w|P —ph ™1 — w2 (w — 1)e < VVq(ey,0), + @ >
1

= P L= w7 w = DAV Paley, 0)[¢ + @]

—1
+ 79(1’2)112” — w2 < VVg(ey, 0),€ + @ > +O(eY)].

_l’_

21— w2 < VVg(ey,0),€ + © >* +O(*)]

On the other hand,

< <

z z
1

= W [14ph~'e < VNq(ey,0),6 + @ > +oph ' (V) q(ey, 0) [ + @]

-1
$ P22 £ 9Vg(e0).6 4 0 52 1O

2
|q|P — |h + €<VNCI(5?/, O), + (I)> + %(VN)QQ(EZU, 0)[ + @}2 + RS({; q))’p

So we have
[h(1 = w)+(alex, ey) = h)[P = |alez, ey)|” = h?[Jw — 1] = 1+ ph~'e < VVq(ey,0),£ + > x
1
x (1L =wP (1 = w) = 1) + Sph™ ' (VN) aley, 0)[€ + @] (11— w]’ (1 — w) — 1)
-1
+ p“’Z)th—? < VNa(ey,0),€ + @ > (|1 w2 = 1) + O(%)].

We have the equation satisfied by w in the new coordinates
(3.12) Se(w) := Agvw +h' P A w4+ |w—1P =1+ B(w) =0

where B(w) = Bi(w) 4+ Ba(w), with

Bi(w) = Bi(w) + ph™te < V¥ q(ey,0), fL + &> (1 —wP2(1 —w)—1)

1 3 -
+ 5P IO alen 0 + BR(1 w1 - w) - 1)
-1 ¢
+p(p2 )h‘262<VN q(sy,O),i+<I>>2 (|1—w|p‘2—1),

and
Ba(w) = Ba(w) + R3(€, ®).
Where Bj(w) and Ba(w) are defined respectively in (3.10) and (3.11).

At the end of this subsection, let us list some basic and useful properties of positive
solutions of the limit equation (3.7).
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Consider the following elliptic problem:

—Apyu = |u— 1P -1, u >0 in RY
0 pu—
(3.13) u(0) mmax u(§)
u € HY(RY)

Since p is subcritical in RY, using the standard Lions’s concentration compactness
arguments, we can prove that (3.13) have a positive solution U. It is easy to see that U
decays exponentially at infinity and is radially symmetric.

The following Proposition is essential for us to construct solutions.

Proposition 3.1. Let U be a solution of (3.13). If 1 < p < oo for N = 2 and

1<p< % for N > 3, then U is unique and nondegenerate. That is, the kernel of

the operator —Au— p|U = 12U — L)u in H(RY) is spanned by {22, .. 2L},
Then every solution of problem (3.13) has the form U(- — Q) for some Q € RN, where
U(x)=U(|z|) € C’OO(]RN) 18 the unique positive radial solution which satisfies

/
(3.14) lim T¥€TU(T) =cNyp, lim Ur) =-1.

r—00 r—00 U(fr‘)

Here cnp is a positive constant depending only on N and p. Furthermore, U is non-
degenerate in the sense that

Ker(—ARN —p|lU = 1JP72(U - 1)) NL®(RY) = Span{&plU, “e ,%NU},
and the Morse index of U is one, that is, the linear operator

Lo = —Agn — p|U — 1P73(U - 1)

has only one negative eigenvalue Ag < 0, and the unique even and positive eigenfunction
corresponding to Ay can be denoted by Z.

Proof. It is easy to check that the uniqueness follows from the general theorem in [21].
The nondegeneracy in the space of radial functions follows easily as [5], and then the
nondegeneracy in general follows easily as in [[0], p. 970, 971].

An immediate consequence of the above proposition is the following result

Corollary 3.1. There is a constant vg > 0 such that

615) [ (VP ol -1t dez v [ (90R + 02 de,
RN RN

whenever p € HY(RY) and

/RNgoajUdgz():/RNgong, Vji=1,...,N.

We are now in position to construct very accurate approximate solutions. This is the
aim of the next subsections.
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3.2. Local approximate solutions. By (3.12) it obvious that in a tubular neighbour-
hood of the scaled submanifold K., the equation S.(v) = 0 is equivalent to S-(w) = 0.
We will look for approximate solutions of the form

1

(3.16) w=w(y,&) =U(E) + Y cwiley, &) +ee(ey) Z(),
(=1

where I € Ny, U and Z are given in Proposition 3.1, wy’s and e are smooth bounded
functions on their variables.

To solve S, (w) = 0 accurately, the normal section ® is to be chosen in the following
form

I-1
O =dg+ ) Py
/=1
where @, ..., P71 are smooth bounded functions on .

3.2.1. Ezpansion at first order in €. We first solve the equation gg(w) = 0 up to order
e. Let w be of the form (3.16), then using the fact that u(ey) = fi(ey) + O(?) and

VVa(ey,0) = VN (617 (ey,0)) + O() = ;vaay) +O()

we can write

S.(w) = 5(ARNw1 +p|lU = 1P72(U — 1)w1) +e(e? i ?Age — Moe) Z

+ (- mThoU + AT g 7 (VNG (ey, 0), ; + @) (|1 = UP2(1 - U) - 1))
+ O(?).

Our aim is to choose the function w; in such away the term of order € in the right-hand
side of above equation vanishes. This is clearly equivalent to choose w; to be solution
of the following linear equation

(3.17) Lowy = i ' Th;0;U — fit-» w7 (VN(ey, 0), 2 +0) (|1 - UP2(1-U) —1)

where Lg is the operator defined in Proposition 3.1. Here and in the following, we will
keep the term 5(62,&_2A K€ — Aoe)Z in the error. The reason is simply that it cannot
be cancelled without solving an equation for e since LoZ = A\ Z.

By Proposition 3.1, equation (3.17) is solvable if and only if the right hand side is
orthogonal to the kernel of Ly. Namely, if and only if for alli=1,..., N,
(3.18)

/RN (B Th0,U — 57 7 (VY (ey, 0), é + @) (I1 = UF~2(1 = U) = 1) )Q,UdE = 0.
Observe that since U is even in € and 9;U is odd in &, we have

/RN<VN¢1/p(5y, 0), @) (|1 — UP2(1 — U) — 1)O,U dé = 0.
We conclude that equation (3.17) is solvable if and only if for alli =1,..., N,

(319) [ BT, - T (VY 0(ey,0), 5) (1-UP(1-0) -1)) 0 dE = .
RN [
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1—
Recalling the definition of i given in (3.8), we have that /71%? pr = ¢~ 1. It follows
then that (3.17) is solvable if and only if for all i =1,..., N

(3200 [ THOU -6 (Ve 0).8) (L - UP L 1)~ 1)) dE =0,

Since U is radially symmetric, (3.20) is equivalent to
F&-/ 01U dE = ¢ 0 (ey, 0)/ (1 =UP2(1 - U) - 1)£'0,UdE.
RN RN

We claim that

Jev (L= UP2(1 - U) = D)EQGUE = N [fpv UdE,
(3.21) and

fRN Udf_: % f]RN ]81U\2d§_
where o = pgl(zfl — 25k). See Appendix B for the proof of (3.21)
We get

1 — _
T4 [ UdE = 0en,0) [ U
g ]RN ]RN
Using the definition of the mean curvature vector H on K
H = (—Fii)
we get that equation (3.17) is solvable if and only if
(3.22) oV y(ey,0) = —i(ey,0)H (ey),

This is exactly our stationary condition on K. Using (3.22), the equation of w; becomes
simply

Lo(wy) = i 'T},0;U + o' < H, 2 + 00> (1 -UP2(1-0U)-1).

This can be rewritten for convenience as

Lo(wr) = ji~'Th[o0 — o7& (1= UP2(1-U) = 1)]

(3.23) + o < H @ > (1-UP2(1-U)-1)
Hence we can write

(3.24) wy = w11 + w2,

with

(3.25) wig = 'THU; and wig =0 '(H, ).
Here U; is the unique smooth bounded function satisfying

(3.26)

LoU; =0;U —o ' & (1 -UP2(1-0U) 1), / U;0,Udé =0, Vi=1,...,N,
RN
while Uy is the unique smooth bounded function such that

(327)  LolUp= (Il - UP2(1—-U) —1), /N UodUdé =0, Vi=1,...,N.
R
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It follows immediately that w; = wl(ay,g) is smooth bounded on its variable. Fur-
thermore, it is easily seen that Uj; is odd on variable £’ and is even on other variables.
Moreover, Uy has an explicit expression

1 1-—
3.28 Up=—7U+ —— U.
(3.28) 0= "N 5 f \%

3.2.2. Ezxpansion at second order in €. We will now solve the equation §E(w) =0 up to
order €2 by choosing the function wy and the normal section ®( together. Suppose w
has the form (3.16), then

S-(w) = &2(Agwws + plU — 1P2(U = Dws ) +&(*i 2 Axce — Aoe) Z
+ %82 + 289 + O(?),
where the terms §o and &, are respectively given by
Fo=— ' T 0w + v (VV(ey,0),@1) (|11 - UP2(1 - U) — 1)

ek J . .

_1 Fckl“a (g +(I)k)8 U+pn~ (% AKﬁ*QVKﬁ-VK‘I)(J) */IAK@]O) 8]'U
cj .

F R ARRU + 2(hi2) "V ich - (%vKgﬁchb{)) o,U

+ (rﬂéi Vi — vK@g) (fﬂg’f Vi — qu»g) O2U

7 (VS €4 a0) (1 - U — 172un)
+gph! <vN>2(w%><ey, )L + B0, > + 8] (1~ UP~2(1-0) ~ 1)
4 %p p— 1)U — 122 + %p(p _ )R 2N (), Z a2 (L —UP2—1)
and
® =~ ' e0,Z + w7 (L= p)U ~ 1PV 0 > £y agpez
(3.29) +%p(p—1)]U—1]p_2{(w1+eZ) —w%}.

Hence the term of order £2 vanishes (except the term e( — 2 2Age + \oe) Z) if and
only if wy satisfies the equation

Lowy = —§2 — Ga.

By Freedholm alternative this equation is solvable if and only if Fo+ &5 is L? orthogonal
to the kernel of linearized operator Lo, which is spanned by the functions J;U, i =
1,...,N.

It is convenient to write §o as

Fo = v 1V ¥(ey,0),81) (|1 = UP2(1 = U) — 1) + Fo.
The function §» does not involve ¥ and by (3.22) and arguing as for wy, we can write
wy as
w = wa1 + w22,

where we 2 = o1 (H, 1)U solves the equation

Lowsp = o WH, &) (|1 - UP?(1-U) - 1),
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and wo 1 will solve the equation
Lowg1 = —F2 — Ga.
To solve the equation on ws ; it is convenient to write
F2 = Fa(Po) = So.0 + S2(Po) + Na(®yp),

where Sy = §2(0) does not involve ®g, So(Py) is the sum of linear terms of &g, and
N3(®p) is the nonlinear term of ®g.
Recall that w1 = w11 + w2 with

w1 = ﬂ_l ngUj and w2 = U_1<H, <I’0>U0.
Then

S2.0

—fi 1T 05wy — i PTG, (€8 0,U)
A3 ARRE QU + B i 2Ah U + 2(hfi®) "N (Vgh - V)& 8;U
kAP (€ OLU) + v (VN P(ey, 0),6) (1= p)|[U = 1P %) wiy

PR VP € (1 - P - ) - 1)

1 1 ~ 1 _
5P = DIU = 172wi, + op(p - VA2 2V (97) (ey,0),)* (11 - U2 = 1),

+ o+ +

+

So(®o) = —fi Ty dwip — i TgTy060;U
— (2 Vit Vie®) + i Ax®)) 05U - 2(hji)) " (Vich - Vic®} ) 0,U
— 272 (Vihi- Vic®)) (€ 050) + i o (VN (1 = p)[U = 1P 2)wn

TN, Bl (1 — pU — 1P 2wy + 2L

0-_2[7_1<H7 £><H7 <I>0>(|U' - Hp—? - 1)

+ ph T (VN2 (67) (00,8 (U = 1P72(1 = U) = 1) + p(p — D[U — 12wy w5
and

No(®g) = (Vi@ Vi®}) 05U + v (VV, o) (1 — p)|U — 1P wr g

1 ~_ 1 _ 1 _
+ 5P (R [0, @] (U = 1721 = U) = 1) + Zp(p — DIU — 12w,
1p—1

2

o 2(H, ®)*(|U — 1/P72 — 1).
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Using the stationary condition and (3.8), we have that
/RN S5(®0) DU = — ', /RN djw1 2 O,U — i~ 'TE, I @ /RN 0,U 0,U
— () (2K Vi@ + i Agc)) /RN ;U 0,U
—2(hi) " (Vich - Vic®)) / 0;U .U — 2 (Vicji- Vich) / E 02U 0,U
RN RN
Hp- Do B [ - U w00+ ) [ U =1 0.0)
RN RN
1— S _
TP Hﬂcpg/ (1 —UP~2(1—U) — D)éa,U
b RN
+ TRl [ (1-Up-U) - Dg U
R
+p(p - 1)/ U =12 w11 w12 8U
RN
-1 S _
+ Ma’zﬁ’lfll HJ<I>{]/ (1 —-UP2-1)0,U
b RN

We start first by computing the integrals involving wi ;1 and wy 2 in the above formula.
Let us denote by A the sum of such terms. It can written as

A:/ Ng(wl)asUdf—i—/ NU(U, w0)05U dé
RN RN

where
N()(wl) = p(p — 1)‘U — 1‘;0—2 wl,l w1,2
and

Ny(U,wr) = =i Ty 05w 0+ (p— D)o~ HY (7 1= UP~2¢0 wy -+ &) [U = 12wy, ).

To compute the term A, we differentiate the equation (3.27) with respect to the
variable &’ to obtain

(3.30) Lo(05Uo) 4+ p(p — 1)|U — 1|P2Up0sU = —(p — 1) |1 — U|P~20,U.
Multiplying the equation (3.26) by d;Uy and integrating by parts, we have
- I] — g Led _UP—2(1 - _
/RN Lo(0sUy) U, = /RN (0,0 =7t (1= UP2(1-U) - 1) |alo

TU)

On the other hand
/ Lo(0sUo) U; = / 0s(ArnUp)Uj +P/ {1 =UP(U — 1)U,}0sUy
RN RN RN
= = [ Awslodhl; —p [ Uo{(p = DIV = 172000, + |U = P2 — 1)a.U;
_ o _ _1|p—2 .
— /RN Lo(U0)dsU; — p(p — 1) /RN U — 120,00,
It then follows that

T(U)0,Up = / (11— UP~2(1 - U) — 1)3U; — plp — 1)/ U — 120,00,
RN RN RN

=—(p— 1)/ 11— UP2U;0sU — p(p — 1)/ |U — 1P~20,UTU,U;.
RN RN
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We deduce that

. ~—1 -1 a (_ oy —_UP2.
/RN No(wn)auUde = i'o' < H,y > T4 /RN T),Uode — (p 1)/RN - UP2U;0.0)
= o7 < H,® > Ty | 0,0 — ot (1= UP2(1 - U) - 1) | a0
R
- o < H @ >T4(p— 1)/ |1 — UP2U;0,U
RN
= _ﬂ—lg—l < H,®q > ng /RN ajUaon
+ Bl TP < H, @ >TY /N (1 -UP21-U) - 1)U
R
- nloT < H @ >T4(p— 1)/ |1 — UP~2U;0,U.
]RN
Furthemore
/ N1(U, wl)asUdf = —fflfgj/ 8]'11)17285U
RN RN

Summarizing, we get

v oA Y p—1)otH /N 11— U260, 20,0
R
~—1 —1r7i &J p—2
b - 1o B @) /N 11— UP 2w 10,U
R
= —ﬁflafl < H, &y > ng/ 8jU08SU
RN
+ A p—1)o2H < Hdy > / - UPEUaU
R

+ Elo i p—1) < Hdg > I, /N 11— UP-2u0,U.
R

/ Ng(wl) + Nl(U, wl)dg = —2ﬁ_1nga_1 < H,®q > / 0jU085U
RN RN

+i o < H,®¢ > T /N (1-UP21-U)—1)0sUo
R

+a N p—1)o 2H! < H®y > /N 11— UP287U,0,U.
R

Recall the expression of Uy given by

we easily have

/]R _OUUdE =

1—p

Uy=—~£
07 oNp

1
VU — —U
§ Np

1—p 1
/RN O 0 (G VU~ 10)
1 2, 1-p 2 1—?/ ou
e L /RN VUP+ 5t [ UET(5g)
1, 1-p 1-p N / 2
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Integrating by parts we get
/RN (10120 1) +1) <€ VU > )de = —(p— 1)/RN U — P20, < £, VU > de
- N - (U = 1P72(U = 1) + 1)Uy d¢.
Therefore, from Formula (3.21) we obtain
/RN (10— 172U ~ 1) +1) <&, VU > )dé + (p - 1)/RN U — 172Uy < €,VU > de

= N (IU = 1P2(U - 1) + 1)Uy d¢.
. 1 =277 (1—-p)o 2
_ p/RN(]U P =)+ DU de + /RNWU\ de.

Putting the above formulas together we get
A = [ (Nolwn) + Ni(wn, U)a.U de

= 2ol < H ® > - —a/ |VU|2d§)

1 1—
+ o2 < H, o > [f/ (U = 1P2(U — 1) + 1)U d€ + (p)"/ VU de]
P JRN 2p RN
NM
(1-p)
2p
On the other hand, by direct computations yield

- filoT'Te < H, &0 > /N |VU|?de.

RNajUasU = 6js/ 01U 2,

[ ojUetou - fdjs/ 01, (0,U)? 535/ U2,
re, T q>’g/ Q;UU = T¢I / U2,
RN
Summarizing, we have
/NS2((I)O)85U:_ {AK(I)O—l-F Lo @’8+(2—N)/jfviﬁ'VKq)8
R

(p—1)

o " HSHI®) + 20 Vich - V@ — Lo 92(1)® }/ IVU|?
-1 o
+ ppﬁla2HSHJq>{)/N (1-UP2-1)<¢, VU > de
R
1 (p—1)_ 4 4 ) / 2
—p're, 4+ ~—- H*) < H,®
+(N:u as T 2p Koo < 1,® > RN|VU| d§
1
- Eﬁ‘le o2 < H oy > /N (U = 1P72(U — 1) + 1)U d¢.
R
Now, using the fact that

— - -1 ~ ~ 1
ji 1vKu:%w Wiy and BVih= 0 iy,

1
ST < | By > / VUPdE + ~1'T% 02 < H, &) > / (U — 172U — 1) + 1)U de
RN p RN
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we obtain (recalling the definition of o) that
(2= N 'Vih - Ve® + 20 Vch - Vg®) = o L Vgt - Vs,
Hence we summarize
/RN So(®g) 05U = —ﬁ‘l{AK<I>3 + T4 T2 OF + o) L Vit - Vg ®F

+ (p;l)o_le < H,®; > —¢—1aa§j(¢)<bg} /N |VU|? d¢
R

-1 1

+ (p e >ﬁ1HS < H,d > / \VU|?d¢é +T
2p N RN

where 7 is explicitly given by

—1
T pTrfla*?HS < H, &> /N (L-UP2—1) <&, VU > de
R

1
+ -0 Y0 ?2H® < H,®) > /N (JU - 1P72(U — 1) + 1)U d¢
p R
A straightforward computations imply that

1
T= "o H® <H,a > [(p- 1)/N (L-UP2-1) <€, VU > de
R

p
+/ (U —1P2(U - 1) + 1)Ud5}
]RN
1
= o H < H, &y > [p / Udg}
p RN
ﬁfl -1

g
= H® < H,® 24¢.
N < ,o>/RN|VU|dE

On the other hand, recalling the expression of o we have that

(P*l) -1 (P*l) -1 1 1 -1 _ 1
pa+2pa N+NU_NpU'

We deduce that

/RN Sa2(®0) OsU = —ﬁl{AK®3 + TGI8 ®f + oy~ Vip - Ve df
-1
g SIridd _ o1, 92 j 2
+ S IO = aasj(q,z))@[)}/w VU2 de.

Let now, Jx : NK — NK be a linear operator from the family of smooth sections of
the normal bundle, NK, of K into itself, whose components are given by

(3.31) (JTx®o)® = Ag®f+ T¢I, ok + % Vit Vgds+ (Jpr H HI®}

g

) 0%, (1)@},

It then follows that
(3.32) / So(@0) AU = —fi~* (T Do)* (ey) / VU2,
RN RN

On the other hand, it is easy to check that

(3.33) / S0 0sU = 0 = / Na(®0) 05U,
RN RN
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Moreover, by the stationary condition (3.22) and recalling the expression of w1y in (3.25)
we have that

/ Gy 0,U = { _ ﬁ‘ll“’gs/ 0,200 + i 11 —p)asw/ 11— UP2E z0,U
RN RN RN

+p(p — 1)/ U = 11P2w11 2 asU}e
RN
= —N_ll“?se/N 0.2+ 07 1 - )1~ UP228 —plp - D1 - UP 22U, }oU
R

~—17b
=cop 1.e.

Collecting the above formulas together, we see that the solvability of equation on ws
is equivalent to the solvability of following equation on ®q

(3.34) Tx®o = H2(is €),

where $2(y;e) = coHe is a smooth bounded function. This equation is solvable by our
non-degeneracy condition on K. Moreover, it is easy to check that &y = ®y(y;e) is a
smooth bounded function on ¥ and is Lipschitz continuous with respect to e.

We now go back to the equation of ws

Lows 1 = 32 — &y,

Since §2 and B, are smooth bounded functions of (ey, &), then wa = wgyl(ey,g) is
also a smooth bounded function of (ey,§). Moreover, wy 1 = wa1(ey,;e) is Lipschitz
continuous with respect to e.

3.2.3. Higher order approximations. To solve the equation up to an error of order /1
for some j > 3, we use an iterative scheme of Picard’s type and we argue as in the
previous steps. We assume that all the functions w;’s (1 < i < j — 1) are constructed.
The function w; will be chosen to solve an equation similar to that of wy (with obvious
modifications) by solving an equation of ®;_, similar to that of ®;. More precisely, we
have

S.(v)=¢ (ARij +|U - 12U - 1)wj> +e(e®i?Axe — Noe) Z
+&Fj+ /€ eZ + I Al(ey, & Do, -, Dj3)ediZ
+ EjB;-g(sy,g_; Qp, -, Dj_3) e 07 + sj(fj(sy,f_; g, ,Pj_3) - VgediZ
+ 5jD;~’b(5y, &g, P;_3) 8Zbe 7 + O(sj'H),
with
8 =— Ty 0w 1 — i Ty @, 0U — i (2Vifi- Vi®5_y + i APy ) O,U
— 2(hji) ! (vK'fL : VK<I>§_2)85U — 252 (vKﬁ : VK@;?_Q) (E2U)
+ T VY, @) (1= p)|U = 1P 2)wjmr + ¢~ (VY0 @;2) (1 = p)|U — 1[77%)wy

+yTH VY, @) (JU = 17721 = U) = 1) + 97V, 2)((1 =PIV =1P7%) wjy

~ 1 B -
+pﬁ_1h_18%l(wp)(5y,0) (I)‘lj_2 é‘k (|U _ 1’]3 2(1 o U) _ 1)
+p(p - ]-)|U — ]_|p_2w1w]’_]_ + G](é‘y,g’ W, , Wj—9, @07 .. ;(Dj—?,)
= ¢—1<VN¢7 <I>j71> <|1 — U’p—2(1 —U) - 1) 4 %j
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and
e] = p(p - 1)|U - 1|p72/wj—1 + ¢71<VN¢) (I)j—2> + é](gyaga (D()a T )(I)j—3)7

where .A;, B;-g, C;-, D?b and @j are smooth bounded functions on their variables.

Except for e( — 2 2Ake + Aoe) Z, the term of order &’ vanishes if and only if w;
satisfies the equation

Low; = —F; — €jeZ — Ai(ey, & ®o, -+, Dj_3) e ;7 — B (ey, & @o, -+, Dj_3) e O3 Z
—Ci(ey, & ®o, -+, Dj_3) - Ve, Z — D (ey, & Do, -+, ®j_3) Onye Z.
As for the previous steps, by Freedholm alternative the above equation is solvable if

and only if the right hand side is L? orthogonal to the kernel of linearized operator L.
Recall first that, similar argument as for w; and ws yields that

wj_1 = wj_11 + 0 (H,®;_)Up,
where w;_1,1 L 9;U is a function which does not involve ®;_». So, we look for a solution
w; of the form
w; = w1+ U_1<H, (I’j_1>U0,
with wj 1 L 0;U solves
LOwj,l - _§] - GJ ez — A;(Eya év ‘I)Ov Ty q)j—?)) eazz - B;'Z(Eya é_a q)()a o 7¢)j—3) 682252
- C;(€y7 57 (1)07 e aq)j*?)) : VK@ 8ZZ - D?b(g.% é, q)()) R <I>j73) 82[)6 Z.

Since j > 3, we can write

§;=35;(®j—2) = Sj0 + S;(Pj_2),

where S = Sj,o(sy,é; g, ,P;_3) does not involve ®;_o, and S;(P;_2) is the sum
of linear terms of ®;_,. Since

~ 2
(3.35) L 8@l = =i ([ |00 (Tict-a) (ew)

the equation on w;; (and then on wj) is solvable if and only if ®;_5 satisfies an equation
of the form
Ix®j—2 = 9;(y; Po, -, Pj_3,¢€).

This latter equation is solvable by the non-degeneracy condition on K. Moreover, for
any given e, by induction method one can get ®;_o = ®;_5(y;e) is a smooth bounded
function on ¢ and is Lipschitz continuous with respect to e. When this is done, since
the right hand side of equation of w;; is a smooth bounded function of (ey, £), we see
at once that w;; = w;1(ey, &) is a smooth bounded function of (sy,€). Furthermore,
w;1 = wj1(ey, &;e) is Lipschitz continuous with respect to e.

As a summary, given any positive integer I > 3 and let v; be the local approximate
solution constructed above. Namely,

I
(3.36) vr(y, &) = UE) + Y "wi(ey, ) + ee(ey) Z(€).

(=1

We have that
§5(v[) = 8( — €2ﬁ_2AK6 + )\oe)Z + 61+1§]+1 + €I+1€]+1 e/

(337) +e AL (ey, Ge) e 0iZ + B (ey, & ) e 052

+ €I+1C§+1(£y, & e) - VigediZ + s”lD?f’H(ey, & e) 83,,6 Z + O(EI+2),
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where
Sre1=— 1 'Ty 0wy — i 'T T @F_ 0,U — ﬁ‘2(2 Vip-Ve®i )+ ﬁAchi_l)asU
~———1 ~ ~ s 3
— 2(hpu) (th- chbf,,l)asU — 24 2<VK,U : VK<I>1,1)(£ 7.U)
+ 9 VN, Do) (1 = p)|U — 1P~ 2wy + (VN ®;_1) (1 = p)|U — 1P~ 2)wy

67TV 2 (=T = 1772) i+ plp = DIT = 17wy

1

+pi O (47 ) (ey, 0) @y & (U = 1P2(1 = U) = 1) + Gria(ey, & Do, -, @;3)
and
eI+1 = p(p - ]-)|U - 1|p72w1 + ¢71<VN¢7 q)171> + @](Eya gv @07 ) (Pj—3)7

and AiI b B}{H, C} e D?E’H, €741 and Gryq are smooth bounded functions on their
variables and are Lipschitz continuous with respect to e.

3.3. Global approximation. Let v; be the local approximate solution constructed in
the previous subsection and define

vi(y, €) = hey)wr(y,§),

in the Fermi coordinate system. Since K is compact, by the definition of Fermi coordi-
nate, there is a constant ¢ > 0 such that the normal coordinate x on K. is well defined
for |z| < 1000d/e. We define a global approximation by

(3.38) W(z) = n5s(x)vr(y,§) for z € Q,

where 7js(x) = n(%) and 7 is a nonnegative smooth cut-off function such that

nt)=1 if[t{ <1 and n(t)=0 if[t|>2.

It is easy to see that W has the concentration property as required. Note that W
depends on the parameter functions ®;_; and e, thus we can write W =W ( - ;®;_q,¢)
and define the configuration space of (®;_1,¢e) by

(3.39)

A= {((I)[_l,e) ‘

Clearly, the configuration space A is infinite dimensional.
For (®;_1,€e) € A, it is not difficult to show that for any 0 < 7 < 1, there is a positive
constant C' (independent of e, ®;_1, e) such that

1@1-1]lcoe(x) + [VP1-1llgoa i) + [[V2Pr-1]lco(r) < 1, }

lellcoa iy + €llVellcoa k) + €[ V2ellconx) < 1

(3.40) lwi(y, &) < Ce ™l v (y,€) € K. x RV,

4. PROOF OF THE THEOREM 1.1

To prove Theorem 1.1, we will apply a technique already employed in many papers
and which is based on the so-called infinite dimensional reduction. This technique is
in some sense a generalization of the classical Lyapunov-Schmidt reduction method in
an infinite dimensional setting. It has been used in many constructions in PDE and
geometric analysis. We present here the main ideas referring to [12, 36, 39] and some
references therein.
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4.1. Infinite dimensional reduction method. In general there are two different
approaches to set-up the problem: a first one used in [12] and [39] and a second one
used in [29, 31]. Here we will present an approach which is slightly different from those.

Given (®7_1,e) € A and let W be the global approximate solution defined in (3.38).
Our aim is to prove, applying an infinite dimensional reduction method, that there exist
®;_1 and e such that a small perturbation of the global approximation W give a true
solution of our problem.

Let uc(ey) be the function defined in Lemma 3.1 and define the following quantities

E = AW + W + uc(ey)|P — |uc(ey)?,

Le[V] := AU + p|W — 1P72(W — 1) ¥,
and
N(B) = W + 0 — aey, ea)|? — W — ey, cx)l? — plW — 17-2(W — 1),
Clearly, W + W is a solution of equation (3.4) if and only if
(4.1) L V] +E+ N(¥)=0.

To solve (4.1), we use an argument that has been in several papers, see for instance
[12, 15, 36, 39] and some references therein. This argument called gluing technique
consists in looking for a solution ¥ of the form

W= 5 U+ 0,

where ¥° : Q. — R and ¥% : K. x RY — R and where s is a cut-off function defined in
the previous subsection. An easy computation yields

[ — n5s AV — nsp|W — 1P72(W — 1)U — 5 N (n5s 0% + ) — 05 E — pn§|W — 1|P~2(W — 1) 0]
+ [ = AW — p(1 = 55)[W — 1P72(W — )P — (1 — §) N (n5s¥F + ¥°) — (1 —n§)E
— V5 VI — Anss 0] = 0.

Therefore, ¥ is a solution of (4.1) if the pair (U’ U#) satisfies the following coupled
System:

<4.2>{ —i (V) = [N (08 4+ W) + B+ pW — 12 — 1)w]
LW] = 2Vn5 VU + AngsWé + (1 —ng) [N (5,0 + 0°) + .
where L2[¥’] is the linear operator defined by
(4.3) LW = =AW —p(1 —n5)|W = 1P2(W = 1) on O,
Then, in the support of 755, we define
Uh = h(ey)T*(y,€),  with T*: K, xRY >R
A straightforward computations yields

ns (Dg W+ plW — 1P2(W — 1)0%) =

n5sh? (Apn U + i 2Ap, U + plsor — 1P~ (ngsor — 1)0° + B[E7]).

where B = O(e) is a linear operator defined in Subsection 3.1. Now we extend B to
K. x RN by defining

L[] i= Apn % + 2 A g O + plnssvr — 1P 2 (5501 — 1)8* + 155 B[0*] on K. x RY,
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and
LU i= Apn U* + 2 A U +plU — 1P72(U = 1)U* = —Lo[U*] 4+ p 2Ag. T*  on K. x RV,

Since 155 - N5 = 15 and 755 - NG5 = 155, then ¥ is a solution of (4.1) if the pair (%, )
solves the following coupled system:

L2[W7] = 2Vn5sV (h0¥) + Angsh®* + (1= 15) [N (n5sh@* + ) + B
LEW*) = —n5 hP[ B + N(5h0* + 9°) + p|W — 1P=2(W — )] — (L. — L3)[w"].

It is easy to check that
(Agmss)hW* + 2V g5 - Vg (h0*) = (1= 15) [(Agns) 8" + 2V g5 - V(b))
and

(1 =n5) = (1 —n5)(1 = n5,2)-
Now, we define

NE(\I]ba U Wy g,e) = (Agnéa)h‘l’* + 2vg77§5 : vg(h‘l’*)

+ (1= 15p) |[E+ N+ 0)],

and

MW", 0* Wy y,e) = —nf 7P [E+ N(5sh®* + 0°) + p[W — 1P72(W — 1) 9]

— (L = L)[¥7.

With this definitions in mind we conclude that W + ¥ is a solution of equation (3.4) if
(P, W* ®;_1, ) solves the following system:

LZ[\IIb] = (1 - ng)NE(\Ijba \11*7 @1—17 6),
(4.4)
LE[W*] = M (97, 0* &7y, e).

To solve the above system (4.4), we first study the linear theory : we prove the
invertibility of the operator LE namely we have the solvability of equation LZ[\I/W =V,
On the other hand, one can check at once that L has bounded kernels, e.g., 0;U,
j=1,...,N. Actually, since Ly has a negative eigenvalue )y with the corresponding
eigenfunction Z, there may be more bounded kernels of L}.

Let ¥ be a function defined on K. x RY, we define IT to be the L?(d¢)-orthogonal
projection on 0;U’s and Z, namely

(4.5) (Y] = (T[], .., T [¥), Iy [ 9]),

where for j =1,..., N,

I [w] = 010 [ V.O0UE@d withey= [ |0UP dE,

and

My 9] = [ (. 2(6) .
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Let us also denote by I the orthogonal projection on the orthogonal of 0;U’s and Z,
namely

I [¥] .= ¥ — gjnj[xp] ;U — My 11[V] Z.

With these notations, as in the Lyapunov-Schmidt reduction, solving the system (4.4)
amounts to solving the system

L] = (1= nf)No(W°, 0%, 7y, ¢),
(4.6) LEW] = T [ M9, 9%, @7y, e),

H[Mg(\lfb,\ll*,@j_l,e)} — 0.

It is to see that one can write
E = 55 W S (vr) + (Agnss) (hor) + 2V i) - Vo(hvr) + n5 | [us (ey) P — [hor — ue(ey)l?)].
Hence by (3.37),
/\/ls(\I’b, U* ®r_q,e) :5(52M_2AK6 - Xoe)Z + 6”13”1((1)1,1)

+eMGr(ey, & e) + eI (ey, & 1)

=05 7P [N (n5shW* + 0°) + p[W — 1P72(W = 1) — (L. — L2)[W7].

On the other hand, since

(4.7) /]RN Sri1(®r-1) 05U = cop™ (T ®1-1)%(ey),
by some rather tedious and technical computations, one can show that
(4.8)
MM Tk [@1-1] = e 91 (5 €) + M1 (U, U, Br_y e);
eK.le] = Mco(W°, 0% ;4 ¢),

where $711(y;e) is a smooth bounded function on y and is Lipschitz continuous with
respect to e, Jx is the Jacobi operator on K, and K. is a Schrédinger operator defined
by

(4.9) Kcle] := e*Axe — Mop’e

where )\ is the unique negative eigenvalue of Ly.
We summarize the above discussion by saying that the function

w=W(-;®;_1,€)+n5hU* + T

M. (8, 0%, ®;_1,¢)| =0 = {

is a solution of the equation
Agu+[u—q(ez)” —|q(ez)” = 0,
if the functions ¥°, U*, ®;_; and e satisfy the following system
L2[0°) = (1 — n5) Ne(9°, 0%, &1, e),
LAW¥] = I (M (0, 0%,y e),

(4.10)
e T [®7 4] = e D101 (T €) + M1 (W, T Dy e),

eK:le] = /\/1572(11”, U dr_q,e).
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Once the system (4.10) is solved, one can prove the positivity of u by contradiction
since both ¥’ and U* are small.

4.2. Mapping properties of the linear operators. The main aim of this subsection
is to solve system (4.10) using a fixed point theorem. The first main ingredient in doing
this is to develop a linear theory for the linear operators appearing in system (4.10) .
We will study them one by one.

4.2.1. Analysing the linear operator L?. To deal with the term —n§ ph™P|W —1[P~2(W —
P in M (U°, U* &;_;,e) in applying a fixed point theorem, one needs to choose
norms with the property that M. (¥”, U* &;_;, ¢) depends slowly on ¥’. To this end,
we define

1

b b b

(4.11) IV ||e,00 = [1(1 — 77§/4)\Ij oo + g||77§/4\11 loo-

With this notation, by the exponential decay of W, we have
MW, T, @71, €)oo < Cel| P00

and
HME(\I/blv ‘Ij*a (I)I—lv 6) - M€(‘Ilg> \Il*v (I>I—17 e)HOO < C‘SH\IJR - ‘Ings,oo
We have the following lemma.

Lemma 4.1. For any function =(z) € L*°(M,), there is a unique bounded solution ¥

of

(4.12) L2[9] = (1 - ng)E.
Moreover, there exists a constant C' > 0 (independent of €) such that
(4.13) [¥]le,00 < Cl|E]|oo-

For ¥° ¢ C’g’a(Ma), we define

1

b

(4.14) 190 = 10 = 750 Pl + 75 % e

As a consequence of standard elliptic estimates, the following lemma holds.

Lemma 4.2. For any function = € Cg’a(Ma), there is a unique solution ¥ € Cg’a(Ma)

of

(4.15) 2] = (1 - )=,
Moreover, there ezists a constant C > 0 (independent of €) such that
(4.16) 1¥)l2ca = ¥]ca+ Ve + 1V*¥ea < ClIEl 20y,

4.2.2. Studying the model linear operator LY. We will first prove an injectivity result
for LY. Using this we obtain some a priori estimates and existence result for solutions
of L¥[¥] = Z under the orthogonality conditions II[¥] = 0 = II[=]. We have the validity
of following lemma.

Lemma 4.3 (The injectivity result). Suppose that ¥ € L®(K.xRY) satisfies L:[¥] = 0
and II[¥] = 0. Then ¥ = 0.

Proof. We first mention that a bounded solution W of LZ[¥] = 0 decays exponentially
in the variables . This follows from the exponential decay of U(¢) and the maximum
principle. Then one can define

)= | W.8dE VyeKe.
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Our aim is to prove that f is identically equal to zero. We first recall the following
inequality

(4.17) /RN {|v§—x11|2 +p|U = 11P72(1 - U)xlﬂ} € > o /RN (W2 + VU P?) dE

with 79 > 0 independent of € > 0, see (4.9) in [7] for the proof. This together with the
fact that L[¥] = 0 and II(V) = 0 yield

AKEf:/ 2@AK5\1:d§+/ 2V i W[ dE
RN RN
=2 [ {IVeul - plv — 1P - )0} dg 2 [ Vi U dE
RN RN
> 20 [ (WP 0,€) + VW, E)) dE,

> 2% /RN W (y,€) dg = 2™y f.

Integrating the above inequality and using the fact that f is nonnegative and K. is
compact, we get f = 0. Notice that if K. is non compact, one can first show that f
goes to zero at infinity by the comparison theorem and then get f = 0 by the maximum
principle. O

Remark 4.1. Actually, following the argument of proof of Lemma 3.7 in [30], one can
show that

N
(4.18) U =>"d(y)o;U+cN(y) Z,

j=1
if U is a bounded solution of LY[V] =0, where c;(y) (j =1,...,N) can be any bounded
function, but Nt (y) must satisfy the equation

(4.19) Ag VT = Ngp2cN T

€

It is worth mentionning that (4.19) is just another form of K.[e] = 0. When ¢ satisfies
some gap condition (cf. Proposition /.3 below), equation (4.19) does not have a bounded
solution.

Moreover, one can show that under the orthogonal conditions II[¥] = 0, the linear
operator LZ has only negative eigenvalues X;’s and there exists a constant ¢y such that
A;:- < —cy < 0.

We next prove a subjectivity result for L?. Before stating it, we define the following
wighted Holder norm (one can also use weighted Sobolev norms)

[eap = sup U] coaim e
R B eK RN (B1((5:9))

for small positive constants o and p. The following result hold true.

Proposition 4.1 (The surjectivity result). For any function = with ||Z|q¢,e < 00 and
II[E] = 0, the problem

(4.20) LI[¥]=Z
has a unique solution ¥ with II[V] = 0. Moreover, the following estimate holds:
(4.21) 120 = [ lleap + IV e + V¥l ap < ClIElle,ps

where C is a constant independent of €.
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4.2.3. Non-degeneracy condition and invertibility of Jx .

Proposition 4.2. Suppose that K is non-degenerate, then for any ® € (CO*(K))N n
NK, there exists a unique ® € (C>*(K))N N NK such that

(4.22) JIk[®] =@
with the property
(4.23) 1®ll2,0 = |l con(x)y + VOl coar) + V2@l comr) < ClIPl o (k)

where C' is a positive constant depending only on K.

Proof. Since the Jacobi operator J is self-adjoint, this result follows from the standard
elliptic estimates, cf. [18, 22]. O

4.2.4. Gap condition and invertibility of KC..

Proposition 4.3. There is a sequence € = £; \, 0 such that for any ¢ € C%*(K), there
exists a unique e € C>*(K) such that

(4.24) Kele] =

with the property

(425) el = llellcon() + ellVellovai) + €IV %ellonai) < O * el
where C' is a positive constant independent of ;.

Proof. The proof relies of various considerations on the asymptotic behaviour of the
small eigenvalues of K., and Weyl’s asymptotic formula. In fact, consider the eigenvalue
problem

Kee = Xe in K.
For any € > 0, the eigenvalues are given by a sequence \;(€), characterized by the
Courant-Fisher formulas: if M; (resp.Mj_1) represents the family of j dimensional
(resp. j — 1 dimensional) subspaces of H?(K), then

Aile) = su inf (e,e
() MeMg,leeMl\{O}Q (&)

(4.26) = inf sup  Qc(e,e).
MeM; eeM1\{0}

where we have set

Kee.

and L denotes orthogonality with respect to the L?-scalar product. We have the fol-
lowing result.

Lemma 4.4. There exits a number e, > 0 , such that for all 0 < €1 < €3 < €, and all
j > 1 and for some y—, v+ > 0, the following inequalities hold.

(4.27) (e2 — 61)% < 62_1)\j(62) — el_lx\j(el) < 2(eg — 61)2—;
2 1

In particular, the functions € € (0,€e,) — Aj(€) are continuous.

Proof. We prove that, for 0 < €; < e and e such that [ e? =1, we have

_ _ _ _ 2
' Qa(e,0) + (@ — )35 < &' Qulee) < 6 Qa (e,0) + (2 — ) 5"
2 1
Y—,Y+ > 0. From this and formulas (4.26) estimate (4.27) follows at once. O

As a consequence we get



30 ZIED KHEMIRI, FETHI MAHMOUDI* AND ABDELLATIF MESSAOUDI

Corollary 4.1. There exists a number § > 0 such that for any €2 > 0 and j such that
€2+ |A\j(e2)| <9

and any €1 with %62 < €1 < €9, we have that :
Ajler) < Aj(ea).

Proof. Let us consider small numbers €; > 2, Then from (4.27) we find that:

€1 — €2

Aj(er) 2 Ajlea) + T [Aye) +67]

€2 2
where 0 > 0. From here the desired result immediately follows. U

Let us consider the numbers & := 27 for large [ > 1. Define the sets

(4.28) F = {el € (€41,@); ker K, # {0}}

if € € F} then for some j we have that, A;j(e) = 0, It follows that \;(€41) < 0. Indeed,
let us assume the opposite. Then, given § > 0, the continuity of € — A;(e) implies the
existence of € with %6 <é<eand0 < )xj(é) < 4. If 4 is chosen as in the above Corollary,
and [ is large enough so that 2% < §, we obtain a contradiction. As a consequence, for
all / large enough

(4.29) Card(F}) < N(€41)

where N(e) denotes the number of negative eigenvalues of K.. Our next task is then
to estimate this number of negative eigenvalues for € sufficiently small. For this aim we
consider for a; > 0 such that a; > A1, the following model operator

(4.30) KFi=—Ag — “7*

Let /\j(e) denote its eigenvalues. From the Courant-Fisher characterization we see
that Aj(e) < A (e) for small j and e. Therefore, N(e) < N*(e), where N*(e) desig-
nates the number of negative eigenvalues of K. Let us denote by p; the eigenvalues of
— Ak (ordinates and counted with their multiplicity). Then Weyl’s asymptotic formula
there exists a constant C'xr > 0, depending only on k = dimK such that

(4.31) Wi = CK]% + o(j%) as j — oo.
Using the fact that A (¢) = p1; — “* and (4.31), we then find that

(4.32) Ni(e) = Ce™s + o(e_g) quand € — 00

As a conclusion, using (4.29) we find

_k
(4.33) Card(F) < N(g1) < Cq,2 < 027

Hence there exists an interval (a;, b)) C (€,4+1€;) such that a;, b; € F, Ker(K.) = {0}, ¢ €
(a,by) and

€ — €41 _1+E (145
4.34 bp—aq > —-->C¢ 2 >C2 .
(4:34) L= Card(F;) — a = ’
Letting
1
€ = i(bl — al)

we claim that for ¢ > 0 and all j, we have

(4.35) ()| > ear.
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k
Indeed, assuming the opposite, namely that for some j we have, |)\j(el)| < de/, where

k
d was chosen a priori sufficiently small. It follows that 0 < Aj(¢) < d¢/. Then, from
Lemma 4.4,

1 a
)\j(al) < Aj(el) - (El - al)* [)\j(el) + 'y—l}
€ 2¢;
Thus, (4.34) and (4.35) require that
5 & _5 yal
. 2 2 . el
Aj(ar)de; 6261 et [Njle) + 261] <0,

for v small enough. It follows that \;(€) must vanish at some € € (a;,b;), and we have
thus reached a contradiction with the choice of the interval (ay, b;).

k
The case —de¢f < A\j(€) < 0 is handled similarly. In that case we get \;(b;) > 0.
The proof of existence and estimate (4.35) is thus complete.
The uniqueness of solutions satisfying the estimate (4.25) follows from standard elliptic
estimates and Sobolev embedding theorem. U

4.3. Nonlinear scheme and proof of Theorem 1.1. We have the main ingredients
to complete the proof of our main result Theorem 1.1. Indeed, by the analysis in
the previous sections, to proof Theorem 1.1 we are reduced to prove solvability of
(4.10). This can be done using a contraction mapping argument. To do this, we let
Oy 1 =P+ &)1,1, where ®7_1 o solve the equation

(4.36) Tk[®r-1,0] = H111(y5 €)-
Thus 719 = ®7-1,0(y; €). Moreover, the reduced system (4.10) becomes

LZ[\IIb] = (1 - ng)N(E(\Ijb? \11*7 Ql—ly 6)7

L0 = T (ML (8°, 0%, @1y, ¢)],
(4.37) B . ~
e Tk [®r 1] = M1 (T, %, &4 €),

8/(:5[6] = ME,Q(\IIb, \I’*, ‘I’[,l, 6).

In order to prove that the above system possesses a solution we need to estimate
the size of error terms and the Lipschitz continuity of the functions Nz, M. and M. ;
(j = 1, 2) with respect to their arguments. This is the purpose of the following two
lemmas.

Lemma 4.5 (Size of the error). There is a constant C' independent of € such that the
following estimates hold:

(4.38) IN2(0,0,0,0)| 2.0 7,y + [ [M<(0,0,0,0)] ||, , , < Ce™.

Moreover,

(4.39) ||/\7€,1(0,0,0,0)||CO,Q(K) < Celt?, ||A7572(0,0,0,0)||CO,Q(K) < Celtt,
Proof. 1t follows from the definitions and the estimate (3.40). O

We next define

By = {(wb, U 0rg,e) | [[9]laea < AT W o0, < AHY
(4.40)

@11l < A el < AeT5 )

for some positive real number A. We get
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Lemma 4.6 (Lipschitz continuity). Given (U3, W% &7y, e1), (U5, U5, &;_1,e5) € By,
then there exists a constant C independent of € such that the following estimates hold:

HN&‘(\I’gv Tu @[,1, 61) _NE(\I’gu \IJ;a a/)1*17 62)”08’0‘(]\45)

< (|0} = W llocia + 1 9F = Uillaciap + [ @11 — @1

o0+ llex — ezl

Hl_[L [M€<\I/b17 \If{, (1)1—17 61)] - HL [M€(‘Il%> 37 (51—17 62)] ||

&,Q,p

< O (9] = Wyllzcia + 195 = Uillaciap + 1911 = Broafloa + ller — 2]l ),

HMVE,I(\IJ27 \II>{7 ¢1713 61) - Mvs,l(\l]g7 \1137 &)I*h 62)"0070(([()

< O 2 (0] = Byllzcn + 195 = Ullaciap + 1911 = Broaflon + ller — €2l ),

and

HME,Q(\II?U U, &r_q,e1) — Me,Q(\Ilg7\1137(51—1762)“00,&([()

< O (|9} = Wyllacia + 195 = Ullociap + P11 = Brotfloa + llex — eall.).

Proof. This proof is rather technical but does not offer any real difficulty. We mention
here that the choice of the norm ||¥°||5. , is crucial to estimate the term

—E R PP W — 1PT2(W — D)W in Mo (B, 0F, B, e).
We omit details here referring to [13, 29] and some references therein. O

Using the estimates in Lemmas 4.5 and 4.6, it is not difficult to prove that taking
I >3k + 1 and A sufficiently large in (4.40), then system (4.37) possesses a fixed point
in B). Theorem 1.1 then follows at once. O

5. APPENDICES

5.1. Appendix A: Proof of Proposition 2.1. The proof is based on the Taylor
expansion of the metric coefficients. We recall that the Laplace-Beltrami operator is
given by

1

A u=
gt Vdet g

O (\/ det g g*° agu)

which can be rewritten as
1
Agu = gaﬁa};ﬂu + (80g™®)dpu + 3 9%, (log det g)dgu.

Using the expansion of the metric coefficients determined above, we can easily prove
that

7 02 = 3 Syt Ot = { G T 4 G T (€4 89 57 O — 2257 409
+ &? (ﬁac I5 Y + g4I + g gkrgl> (& + @F) (¢ + @) 92u

+ 2620, 97 {5"0 Te + 5% FZ} (€' + @) ju + * g 0.0 0 27 Ojju

+ R3(&, @, V) (85u + 95 u + Oau).
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An easy computations yields
b ~ab | 2 ~ch ~ca Tb j ‘ 2 ) ~cb ~ca b ‘
g™ = Opg™ + ¢ 35{90 I'e+ 9« Fcz’} €+ +e {gc I'é+g9 Fci} 0 *

+ R3(¢, @, VP, V2P),

9,97 = 20,®7 {gbc e + g F’;j} + R3(£, @, V),

Oag™ = —&° 0ag™ 0507 — 2 g* 05,7 + 202,07 {gbc e + g% r’;i} (&' + @)

+ R3(¢, @, VP, V>P),

0ig” = R3(¢, @, V).
Then the following expansion holds
(80g™?)dpu =

0" Q-+ 2 Op{ T T+ GO T | €+ @) Dyt 2 {3 Tl + 7 T} 0,0 Dy
+ 20,07 {g”c e + 3" rf;]} Oatt — €2 0ag™ 05®7 Oju — €2 §* 9287 Oju
+ %05 {abc Te + g rzz} (€ + @) Bju + Ra(€, @, VO, V20)(9ju + dgu).

On the other hand using the expansion of the log of determinant of g given in Lemma
7?7, we obtain

Oy log (det g) = dylog (det §) — 262 35 (T%,) (€F + %) — 26219, 3% + R3(¢, @, VO, V2®).

and
di(logdet g) = —2e T, — 2621, T% (8 + %) + R3(€, D, VD),

which implies that

— g% 8, (log det 9)0su

e R

= —9,(logdetg) <§ab pu + e{gOTY + geTs (& + ) pu — ¢ gabal—,@jaju)

[\)

~ o - PTGTY (€ 4 ) 0 2 (0(T) (€8 + ) + T 04 ) 57,
+ R3(&, @, VO, V2®)(d;u + O4u).
Collecting the above terms and recalling that
~ab 52 ~ab 1 ~ab ~
Ar.u=g"0pu+ (0ag™)0u + 5 9" 0a(log det g)du,

the desired result then follows at once.
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5.2. Appendix B: Proof of (3.21). We prove in this section the following identities
/ (11— UP~2(1 - U) - DEQUdE = N/ Udé and / Udé — 5/ WU 2dé
RN RN RN N RN
Dol (es  nchy

p—1
We use Pohozaev identity, we have that

2- N)/Uf(U)dx — —2N/F(U dz

= /t f(s)ds with flu) :=|u—1P - 1.
0

1
We have F(U) = p—(yU ~1[P(U = 1)+ 1) = U. Then

where o =

where

2-N /U\U—l\p—l)dx——ZN/ (U= 1P = 1) +1) - Uds.
Namely
N
(2—]\7)/\U—1|pde—(2—N)/de - zN/de—ﬁ/w—lypde
p

2N

/(]U—l]p—l):/AU:O

/Ud (p+1)(2—N)+2N
(p+1)(N+2)
On the other hand, since U satisfies

—AU =|U -1 -1,
using integration by parts (multiply by U), we have that

/\VU|2dx:/\U—1\pU—/de

Remplacing this equality in (5.1), we obtain

/Uda:——/]VUde

Concerning the second equality, we have

/RN (1-UP2(1-U) 1) <& VU > dé

Using the fact that

we get,

(5.1)

/\U _1PPU da.

_ / (yl—U]p_Q(l—U))<§_,VU>d§_—/ <EVU > df
RN RN
— / <g‘,(|1—pr—2(1—U))VU>d§+N/ U dé
RN RN
- / <§‘,V(y1—pr)>d§+N/ U dé
RN RN
- / <§,V(!1—U]p—1)>d§+N/ U dé
RN RN
N _ i
- _p/RN(|1—U|p—1)d§+N/RNUd§



CONCENTRATION ON SUBMANIFOLDS FOR AN AMBROSETTI-PRODI TYPE PROBLEM 35

Using again the fact that

/RN(H—U|P—1)d§‘:/RNAUd§:0

it follows that

/ (]1—U\p_2(1—U)—1)<§,VU>d§:N/ U dE.
RN RN

This ends the proof of (3.21).
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