SLOW DECAY RADIAL SOLUTIONS TO AN ELLIPTIC
EQUATION WITH SUB AND SUPERCRITICAL EXPONENTS

JUAN DAVILA AND IGNACIO GUERRA

ABSTRACT. We study radial solutions of the problem

Au+uP+u? =0, u>0 inRY,
where % <p< % < g and N > 3. We show that if p is close to %, q
is close to %, and a certain relation holds between them, then the problem
has slowly decaying solutions.

1. INTRODUCTION

Let N > 3. We are interested in finding radially symmetric solutions u(r),
r = |z, to

(1.1) Au+uP +ul =0, u>0 inRY,
where

N N+2
1.2 —_—
(1.2) N3 <P< 5 <¢
Solutions of (1.1) such that

lim wu(z) =0
|z|—+o0

are called ground states. A ground state such that

1- N-—-2
wﬁiﬁﬂ u(z)

exists and is positive is said to have fast decay, and if it satisfies

lim |:v|%u(:v) =(>0
|z|—+o0

we say that u has slow decay. In this case the constant ¢ depends on p and N only

and is given by
1
2 2 p=T
Ky=——|N-2-—— .
p—1 p—1

When p = ¢ in equation (1.1) the existence of ground states is well understood.

If p < £4£2 there are no solutions of (1.1) [6], while if p > £+£2 ground states do
exist. In the case of the critical exponent p = % all solutions are necessarily
radial around some point [5]. Radial ground states in the critical or supercritical

case are parametrized by «(0) and are unique, up to the natural scaling of the
equation. In the critical case the ground state is explicit and has fast decay, while
in the supercritical case the radial ground state has slow decay.
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Lin and Ni considered equation (1.1) in [9] to provide a counter example to
the Nodal Domain Conjecture, and found slow decay ground states of (1.1) when
q = 2p — 1 given explicitly by

(1.3) w(@) = alb+ |z2)" 7T = a(b+ |2?) "7

T

W.-M. Ni then asked whether there are radial ground states of (1.1) under con-
dition (1.2). In their work Bamdn, Flores, and del Pino [1] addressed this question
and discovered a complex picture of solutions. First, they found an increasing num-
ber of fast decay ground states, if one of the exponents is fixed and the other one
is sufficiently close to N—J_FQ More precisely, they proved that for ﬂ <p< N +2

N+2 is close enough to £4£2 then (1.1) has

2
witha:Kpandb:l(N—2—%)
p p

fixed, given any integer £ > 1, if ¢ >
at least k radial ground states with fast decay. They also showed that if N +2 <q

is fixed, given any integer k > 1, if p < NfQ is sufficiently close to N+2 then (1 1)

N+2
N—2

fixed there exists pg > % such if 1 < p < po then there are no radial ground
states. The authors in [1] obtain their results using dynamical systems arguments.
Recently Campos [2] gave a different proof of the same main result.

Our main interest in this work is the existence of slow decay radial solutions.
These solutions are unique if they exist. Indeed, following [1, p. 555] (see also [7]),
after an Emden-Fowler change of variables, equation (1.1) is transformed into a first
order 3 dimensional system of ODE. Slow decay solutions correspond to trajectories
contained in the 1 dimensional stable manifold of a stationary point, which implies
the uniqueness. But regular slow decay solutions must also lie in the 2 dimensional
unstable manifold of another stationary point, which suggests that their existence
is non-generic in the parameters p, q.

The only indication of existence of regular slow decay radial solutions is a result

in [1], where it is proved that if N 5 < p < % is fixed there is a sequence

q; > %"’g, q; — % such that for these exponents there is a radial solution with

slow decay, but it is unknown whether it is regular or singular.
We conjecture that slow decay singular solutions do not exist or exist for a finite

choices (p, q), since they must satisfy two constraints

has at least k radial ground states with fast decay. Furthermore, 1f q > is

lim |:v|%u(x) =K, and lim |£C|P Tu(z) = K.
|z|—0 |z|— 00
If one can discard the existence of slow decay singular solutions, the result of [1]
would imply the existence of slow decay radial regular solutions associated to the
sequence of exponents ;.
In this work we prove the existence of slow decay radial regular solutions when

p is close to N 5, ¢ is close to M and both are related by some equation. More
precisely, let € > 0, § > 0 and assume
N N 42
1.4 =— =125
(1.4) Py te A=y T

with e = O(9).

Theorem 1.1. Let k > 2 be an integer. Then there exists do(k) > 0 and a function
er(6) > 0 such that for 0 < 0 < dg(k) and € = €x(0) there exists a radial slow decay
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k=1
q
k=2
k=3
N2
N2 ] T T p
N N+2
N—3 Pe Nir2

FIGURE 1. Bifurcation diagram for (1.1) showing regular slow de-
cay solutions for N = 5.

solution u of (1.1) with exponents given by (1.4). Moreover, there exist constants
aj, j =1...k which depend on N and k, and the solution u has the form:

1

1 v
) =N
Z(l—l— a6~ G+55* ))N 2|x|2>

and €5(0) satisfies

aj (14+0(1)) ,

er(0) = §5+ o(d) asd —0.

where Yy = (N(N — 2))¥, and o(1) — 0 uniformly on RN as § — 0.
The constants as, .. ., ay have explicit formulas in terms of the numbers A} given
n (2.8), from which it follows that

. YN ~_1_
— Jim Y g5t
“= K,

This is consistent with the behavior of the slow decay solutions

. 2
lim |z|7Tu(x) = K.
|| =00
Solutions to (1.1) corresponding to k = 1 are the explicit ones found by Lin and
Ni and given in (1.3). In this case ¢ = 2p — 1 which corresponds to the relation
0 = 2¢. We believe that the solutions we construct in Theorem 1.1 are the same as
the ones detected in [1] when p is close to —_ and q is close to N—J_rg
The existence of slow decay solutions is interesting due to the following result

of Flores [7]. If for some p, ¢ in the range (1.2) there is a radial ground state with

slow decay and also
N N+2yN -1
Pobe = Niay/N—1-4

then there are infinitely many radial ground states with fast decay.
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FIGURE 2. Bifurcation diagram for (1.1) showing singular fast de-
cay solutions for N = 5.

In Figure 1 we show a bifurcation diagram for (1.1) based on numerical computa-
tions. In the axes we have the values of p and g, horizontal and vertical respectively,
for which We have found numerically a regular radial slow decay solution. For p
close to — and ¢ close to N +§ we think that these solutions are exactly the ones
constructed in Theorem 1.1 for curves ¢ = ¢x(p), k = 1,2,3,.... For k = 1 the
curve is the line ¢ = 2p — 1 and for k = 2 and 3 the curves start at p = % with a
derivative consistent with Theorem 1.1, and then they slightly bend upwards. The
numerical computations show that these curves can be continued even for p > %4_%
Hence, at least numerically, we see that solutions with slow decay exist for p > p,

and ¢ = gi(p) and therefore the result of Flores [7] applies.

A dual phenomenon to the existence of bounded solutions with slow decay is

the existence of singular solutions with fast decay. In [1], the authors showed that
if ¢ > % is fixed there is a sequence p; < %, pj — % such that for these

exponents there is either a fast decay singular solution or a slow decay singular
solution.

Numerically we found a family of curves relating p € (% N—+) and ¢ >
%*2 for which singular fast decay solutions exist, see Figure 2. These curves are
asymptotic to the line p = % as ¢ — 0.

Noting that singular solutions satisfy

lim |x|q Tu(z) = Ky,
|z|—0
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and using formal asymptotic expansions we arrive at the following conjecture.

Conjecture 1.2. Let k > 1 be an integer. Assume
N +2
=—— —¢

P=N=2
Then there exists g > 0 and a function qi(c) > 0 such that for 0 < € < g9 and
q = qr(e) there exists a radial singular fast decay solution u of (1.1). Moreover,
there exist positive constants 3, j = 1...k which depend on N and k, and the
solution u that has the form
(1.5)

N—-2 1

_ 2 b 1 o
u(w) = K a7 wv;<|x|2+( : ) 60, (1+0(1)) |

— Bieli-1) v

and qi(g) satisfies

1 N/2
(W) =cnyke+o(e) ase—0
ak(€) —
N—-2

where Yy = (N(N —2))"7 , ex = 3(552)™ F((%)), and o(1) = 0 uniformly on
RY as 6 — 0. Note here that f; = ’y&l.

2. SCHEME OF THE PROOF OF THEOREM 1.1

Consider the Emden-Fowler change of variables:

o(t) = r*u(r), r=e,

where
N -2
a=—-:
2
Then the equation Au + u? +u? = 0 in RY is equivalent to
(2.1) v — v+ ePP £ e =0 in R,
where

op=a+2—-ap and o;=a+2-aq.
We note that equation (2.1) is the Euler-Lagrange equation of the functional
/1 a? |U|p+1 |U|q+1
2.9 I — S vAY =2 jopt!Pl  Jogt 1Y dt.
(2.2) (v) /_OO(Q(U)JFQU e
When p and g are given by (1.4) we have the expressions
op =1—ae, g = —ad.

In the sequel we always work with
1
6(5 <e < C6,

for some fixed C' > 0.
For small £,6 > 0 a first approximation to a solution of (2.1) is given by

(2.3) Uo(t) = yn2~ * cosh(t) ™,
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where

N-—2

(2.4) v = (N(N —2))*7.

This function satisfies

N2
Ul —a?Up+ Uy 2 =0 inR.
In the original variables this function is the standard bubble

B 1
UO('I) =IN (1 + |$|2)(N—2)/2’

which satisfies
N+2

Auo—ku(@ =0, wuy>0 inRY.
Thus Uy corresponds to a function with fast decay. The translate Uy (t—&) becomes a
good approximation of (2.1) as £ = —oo and &,4 — 0. To achieve an approximation
with slow decay, we define 8 = ﬁ and

eat

Ult) =y ———=, tER

0= ey
This is an actual solution of (2.1) if ¢ = 2p — 1, with one bump. As in [1] and [2],
one can find a multibump solution starting from

(2.5) V(i)=Y Ult-¢&)

Jj=1

where §; € R are parameters to be adjusted. After a change of variables this is at
main order the solution in the statement of Theorem 1.1.

The location of these points can be determined by an expansion of I(V'). Indeed,
assuming the points are sufficiently separated we have

k k—1 k
I(V)=—c1Y e —c2 Y e&m178) 4 636> ¢ + heo + AS + 0(0)
=1 =1 =1

where ¢, o, c3, A, cg are constants, see Proposition 3.1, where also the constants
are given. Note that c1,ca,c3 > 0. One can see that in order to obtain a solution,
&1, ..., & has to be close to a critical point of the above functional. To see this
criticality more clearly it is convenient to write

& =logd —log Ay,

(2.6) 1 .
€j+1:€j+510g5—10g/\j+1 ijl,...,k—l,
with
1
(2.7) A SM Vi=1. ok

and M > 1 a constant to be fixed later on. Note that

_— i
& = (1+]T>log5—ZIOgAi forj=1,...,k.

=1
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With this choice of the points, I(V) takes the form

k k
_ o , k—1
—c10A; 1_6252Aj —c30 Zl(k—j—H) log Aj+csk(1+——)dlog d-+kco+Ad+0(6).
J= 1=
Let
k
+ CgklOgAl + Z (CQA;Q + (k —j + 1)03 IOgAJ) .

j=2

C1

Ai,...,Ap) =
90( 1, ) k) Al

We note that ¢ has a unique critical point A* = (Af,..., A}) given by

1/«
C1 Cox .

2.8 AT =— AN=|———TF7F7— Vi=2,...,k

( ) 1 kcsv J <Cg(k—]+1)) J ’ s vy

and that this critical point is a nondegenerate minimum. In the sequel we fix the
number M in (2.7) such that A} € (537,2M).

To find an actual solution v close to V' we perform a Lyapunov-Schmidt reduc-
tion. We look for a solution v to (2.1) of the form

v=V+e,
where ¢ is a lower order correction. We find the following equation for ¢
(2.9) Lo+ E+ N(¢)=0 inR,

where
(210) Lo =¢" —ap+ (pe?' VP! 4 ge” VI 1)

N(8) = e ((V + )P — VP — pVP14) + 7' (V + ¢)9 — VI — qV9 1)
(2.11) E=V"—a?V +e'VP 4 ¢74'V1,

The perturbation ¢ : R — R will be small in an appropriate norm, which we
introduce next. Let 7 > 0 be a small fixed number, 0 < v < min(2, «) and define

]
9l = SUp )

where

e—(@FN(=6) ¢ > £

_ k
(2:12) wt) = Soeal i<,
=1

To motivate this choice of norm, we remark that the exponential decay of ¢ between
the points ; is expected because far from these points the dominant terms in the
equation (2.1) are the linear ones, i.e. ¢”" —a?¢. Bounded solutions will then have
exponential decay away from the ¢; of the form e VI*=&l with 0 < v < a. For
t > &1 one in general can expect the same behavior. However,the solution we are
looking for has slow decay as t — 400, in the sense that it behaves as e(®—28)t
as t — 400 where g = p+1' To solve the nonlinear problem by the Banach fixed
point theorem we need ¢ to have faster decay than e=* as t — 400. To see this,
consider the following term in N(¢):

eapt((v + (b)p —yP— pr—ld)) ~ eoptvp—2¢2 ~ e<7pt-|-(oz—2,6’)(1)—2)15@/)2
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where 5 = p%l. Note that 0, + (@ —28)(p —2) = f —a = a+ O(e). Suppose that
¢ has decay of the form |¢(t)| < Ae=™!=¢1l for t > & . Then in N(¢) we find one

term of the form

CA2e0H0(ENE (40 -2m)(t-6) ¢ > ¢

For the contraction mapping principle to work we would like m such that a+O(g) —
2m < —m for all € > 0 small, which leads to the choice m = a + 7, 7 > 0 fixed.

Having introduced a good norm for the contraction mapping to work, let us look
at the error E defined by (2.11). We note that E contains a term of the form
Se(@=28)t which we may call the slowly decaying part of E, and other terms that
decay faster, where S is a function of €,0,A1,...,Ax. Since § = a + O(e), we
see that ||E||«+ = +oc unless S = 0. We prove in Proposition 4.1 that there is a
function e (d, A1, ..., Ag) > 0such that S =0if e = g, (J, Ay, ..., Ax), and then also
| E|l« < C3? for some 6 > 1/2 and all § > 0 small. The function &5 (8, Aq, ..., Ag)
is at main order of the form C4/A; for some constant C.

Using the contraction mapping principle, and a suitable right inverse of L, con-
structed in Section 5, which preserves the norm || ||, we prove in Section 6 that
for § > 0 small enough and € = ¢ (A, ) there exists a solution ¢ to the nonlinear
projected problem

k
Lo+ E+N($) =Y ciZi,
1=1

such that |||, < A%, for a suitable constant A > 0. Here Z; are defined in
(5.2). Finally, to find a solution of (2.9) it remains to verify that one can choose
A = (A1,...,Ag) such that the constants ¢; are all zero, which is done in Section 6.

3. EXPANSION OF THE ENERGY

Proposition 3.1. Let M > 1. Assume A = (A1, ..., Ay) satisfies A; € [1/M, M],
t=1,...,k and &, ...,& are given by (2.6) . Let V denote the initial ansatz (2.5)
and I the functional (2.2). Assuming 0 < e < Cd for some C, we have

I(V)=—0p(A) + kco + Ad + Bdlogd + §0p(A)

where
c k
1 o .
(A1, ..., Ag) = A +esklog Ay + Y (oA + (k —j + 1)eslog Aj)
=2

and ©¢ — 0 in C* norm on the set defined by A; € [1/M, M), i=1,...,k.

The constants are given by

N -2 o 2N -2 YN o 1 &

B  a=55—> /_OO U dt ea=5 [ Uop(t)* ~te™ dt
(3.2) 3= 23 U2 dt,

— 00
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1 [ 1 > *
w=y [ (Wr+attd) -5 [ UF
k ° o* k > o* (0%
A= —(2*)2 /700 Uus — 2_*/00[]0 log Uy,

E—1\ [ -
i B—§k<1+—2a)/ UZ',

— 00
Here 2* = 2N/(N —2). Note that ¢1, ¢z, c3 > 0 and these constants can be explicitly
computed using the identity

0 (=2 (e
/ cosh (5)™9 e™#5ds = 2971 (554 I(5Y)
oo I'(q)

for all p € R and g > max{u, —u}.

Proof of Proposition 3.1. We follow the computation in [4]. We write

I=L+DL+L+1i+15
where
_ Flo,a A, v 2*
Il(v)_/oo(2(v) + 2’0 9k
1 [ - 1 1 o
B =g [ (P = bl + (- ) [ el
o0 q+1 o0 p+1
Is(v) = /Oo (1—e%") |v|2* Ii(v) = —/700 egpt|;|?.
Let us start with the computation of I(V'). Since ¢ = % + 4§, we have
1 [ o b [ o ko [ o«
> (V2 —Vq+1)=—§/ & 1ogv+o(5)=—¥ U? logU + o(9)
ko [ o
= _§ B U02 1Og UO + 0(5)5
recalling that U depends on ¢ and ¢ = O(4). The second term in (V) is
J > ot +1 J * ooty 2* ok > *
W/Ooeqvq +0(5)—W/006‘1V +0(5)—W/ UO +0(5)
Therefore

(3.3)

L (V) = Aé + o(9).
Regarding I3(V') we have

oo k 0o
(V) = g—f/ V()T dt + o(5) = ad Z/

2*
OC(S u > 2%
:§Z§i Ug +o(9).
=1 0

Since ¢; are given by (2.6) we obtain

B nv)-5 [

tU(t — &) dt + o(0)

i=1Y 7

> ). U

o0

k
k-1 ;
k(l—f—w)logé— E (k—i+1)logA;

=1

+ 0(9).
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For I,(V') we see that
1 e 1 o

L - __ - optyp+l _ __ — opt t— p+1
V) =g [ vt = [ e - 6 o)
eorél [0 SATY [
— op p+1 — _ 1 opt p+1
p+1/_ooe U0 + o) =~ [ e Ut +o(0)
§ N—2 [, v

Finally we compute I;(V). Using the notation U;(t) = U(t — &;) we have

= [ (%@ v+ G - W*)
=kly + = Z/ U// )Uj_2_1*/_oo

i#j

where we have set

IU — %/ ((U/)2 + a2U2) _ 2_1*/ U2*.

— 00 — 00

Note that
(3.6) Iy =cop+0(0) asd—0.

Indeed, Iy is a function of € and

d o -1, 00
I = " 2 27 -1
v = / (=U"+a*U-U )ag

— 00

so that L1y = 0 at € = 0. Let F;(t) = F(t — &) where F = —U" + o?U — U? L.
Then by (3.6)

ey g [

i#]

+ kCo + 0(5)

(Z Ui - Z U

Let

t1=0, t;=(1+

i~ 1/2
u)log& j=2,.. k=1,  t=—oc.
(6%

Then we can write

:__ZZ/ U U; +keo + R

i=1 j#i ti

where R contains all the rest and is given by

szlmu_zzé U%W+_zz[“w

i=1 j#i i=1 j#i \[tisti-1] i=1 j#i

Z/ - U +Y U)T U - Uf*—lej}Jro(a).

J#i J#i
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We note that if i — j| > 2 then

ti—1 .
/t U? ~'U; = o(9).
We have the expansions
U(t) = yne® (1 + O(e?")) ast — —oo,

U(t) = ynel @241+ 0(e™?)) ast — +oo.
Therefore, fort=1,...;k—1land j =i+ 1

ti1 . ti—l*éi N+2
/ U, :/ U320 (t = (G - &) dt
t t

i i—&i
ti—1—&; N2
— '7N/ U(t) N—2 e(a—2ﬂ)(t—(£i+1_£i))(1 + O(ez(t_(5i+1—5i)))) dt
ti—&i
26—a 28 ti—1—&i N2
— b AL [ R e 1 o )
ti—&i
— A [ UnoFe i o)
A similar calculation shows that if i = 2,...,k and j =4 — 1 then

tim 2% —1 o [T NE2 ot
Ui Uj = ’7N6Ai Uo(t) N2 dt + 0(5)

ti

Regarding R, it is possible to verify that

R =0(9)
as § — 0. For instance we have:
t1'71 tifl
/ (@ + >0 —UF —2vF > U] go/ ur Ny u?
b i i b i

2 |log g

S 0/2 & efaNf2tef2a(é\log6|ft) dt

0
75 | log d|
< 052/2 e2N=2t gt
0

which is O(8'"F¥72) if N > 5, O(52|log §]) if N = 4, and O(62) if N = 3. The other
terms in R can be handled similarly. Therefore, we obtain

o k
(3.7) L(V) = —67 / Uo(t) ¥ et dt 3" A% + keo + 0(6).

— 0o

j=2
Combining (3.3), (3.4), (3.5), and (3.7) we arrive at
I(V) = =6p(A) + kco + Ad + Bdlog d + o(9)

as § — 0 for some constants A, B, with o(d) uniformly in the region A; € [1/M, M],
i=1,...,k. A similar calculation shows that this expansion is also valid in the C!
norm with respect to A = (Aq,..., Ag). O
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4. ERROR ESTIMATE
Here we will prove the following result.

Proposition 4.1. Let k > 2 be an integer and fir M > 1. Suppose A; € [1/M, M],
1 =1,...,k, & are given by (2.6) and E is defined by (2.11). If v > 0 and
T > 0 are chosen small in (2.12), there exists do > 0, 0 > 1/2 and a function
ex(0,A1,...,Ax) > 0 such that for 0 <6 < g and e = eg(5, A1, ..., Ag)

B[l < €67,
with C independent of §.

The function € is C' and satisfies

-1
AP
(4.1) er(6,A1,...,Ap) = 4aj\§A15+0(6) as 6 — 0,
8€k
(4.2) W((S,Al,...,Ak) =0(5) asd—0,

where o(d), O(d) are uniform in the region A; € [1/M, M],i=1,... k.
Proof. Let us write

k
Uty =U(t—¢&) and V=> U,
j=1

We decompose

k
E=) E;+A+B,
j=1
where
E; = UJ'-' - a2Uj + e”PtUJP + e”th;I
k 2
A=e!(VP =3 "UP) | B=em(VI-> U
=1 =1
Let )
= m :Oé—5042+0(52)

Then a computation shows that
ela+2)(t=¢;)

(1 + e2(t=€))A+1
elat2)(t=¢;)

(1 + e2(t=¢5))B+2"

Ul — o®U; + e U = 7557 + 4y B(B — )] *

—4ynB(B+1)

Note that the terms U} — o*Uj + e?»*UY of Ej; have slow decay, i.e., U} — a*Uj +
e?rtUyY ~ e(@=28)t as t — 0o. We define the slowly decaying part of E; as
S; = Xpser/2) (47Nﬁ(6 —a)e (@720 4 ﬁ,e—w—zﬁ)p&j) ela=20)t
where x[i>¢, /21 is the indicator of the set [£;/2, +00), and also
E;=E; - S;.
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The term A has also a slowly decaying part S4 given by

k k
Sa = Xiz6 /27N (ZE_(Q_QW’) SD DU
j=1

j=1
We define )

A=A-5a4.
Given ¢ > 0 small and &,..., & satisfying (2.6) and (2.7) we choose € > 0 such
that

k
D Sj+S4=0
j=1

which is equivalent to

k k

p

(4.3) 0=4yvB(B - a) E :e—(a—zﬁ)ﬁj 4 ﬁ]( § :e—(a—w)&j) )
j=1

j=1
By (2.6) we see that at main order (in € and d) this equation has the form
AyNB(B — a)e™ (@726 4 AP o= (a=20p61 — )
so that we have the asymptotic expansion (4.1). The estimate (4.2) follows also
from (4.3).
We claim that
(4.4) 1Bl < o512
for § > 0 small. Consider separately the regions ¢t > &;/2, and t < & /2. Using the
formula of S; we have
E; = O(elo26=2(t=8)y 4 O(eorte(0200p=2)(t=8i)) 4 O(eatel@20)alt=E1))
for t > &, /2 and we see from here that
sup |Ej|e(a+‘r)(t7£1) < 05177/2+O(5) < Calf‘r
t>81/2

for § > 0 small.
We estimate now in the interval ¢ < & /2. In this interval

N o(a+2)(t—€;) ela+a)(t—=¢;)

By = —wbBla+ D ey A8+ Vg amanyme
eop(t—&;) oot ea(t—&;5)

At e ¢ NIy 26

(4.5) = O(6)(1 + |t| + |¢;])e~(aTOOIE=&1

where in this formula O(d) designates a quantity bounded by a constant times .
From (4.5) we have

t
+e7r Y

(4.6) sup e”‘t*fi' E’j| <(C¢§ for any i =1,...,k,
t<&1
and
(47) sup e(a+7)‘t_£1‘|E’j| S 051—27
&1<t<61/2

for ¢ > small. Using (4.6), (4.7) we deduce (4.4).
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Similarly we estimate A first in the region t > &, /2. For t > £, /2
A=A—8,=A,+ A,

where
p P
k —(a—2p)¢, k
— AP pOpt  (@—28)pt ¢ _ —(a—2p)¢;
Ay =yyerle Z(1+62(5j—t))ﬁ Ze
Jj=1 j=1
and
k —(a—28)p€; k
— _ AP popt (a—28)pt e —(a—2B)p¢;
Ao yve're ]; (1 + e2(&—1)Bp ;e

In the range t > & /2 we have (1 4 se2(&~8)=8=1 = O(1) so by the mean value
theorem
k
|A1| < Ceortela20)pt Ze*(aﬂﬁ)&me?(ért) for t > & /2.
j=1
We then compute
sup e(a+f)(t7£1)|A1| < 05277/2+O(5).

t>€1/2
Similarly
sup e(a+7)(t*51)|A2| < 082~ T/2+0(5)
t>£1/2 -
and we deduce
(4.8) sup el@t=8)| 4] < 052 T/2+00)
t>€1/2 N

In the region & <t < & /2 we have

k k
Al < Ce |D Ut -G U= &)+ Ut —&)P
Jj=2 j=2
which gives
(4.9) sup 6(0‘+7)(t*§1)|A| < C§2-7/2+0(8)
§1<t<&1/2

To estimate the term A for ¢ < &, using that e?»* < C§'T90©) in this region we see
that

(4.10) sup eIt =81 A] < 06O fori=1,... k.
t<&1

Hence by (4.8), (4.9) and (4.10) we find
IA]l. < Ca*O@,
We finally estimate || B||.. We claim that there is § > 1/2 such that
(4.11) | B, < C8°
for § > 0 sufficiently small. Indeed, let ¢ = 1,...,k — 1 and let us estimate

sup (e”‘t_&“‘ + e”lt—g”)|B|.
Eit1<t<&;
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Let A € (0,1/2) to be fixed later on. We consider the 3 intervals
Iy = [Gig1, (1= A)&iga + A&,
Iy = [(1 = N)&i1 4 A&, ASir + (1 — A)&il,
Iy = N1 + (1 = V)&, &l
The worst term in each sum of B is U(t — &11)? or U(t — &;)9. We estimate

sup eu\t—&IU(t —&)? < Csup ev(&i—t) p—aq(&i—t)
tels tels
< Celv—29)é: sup elag—v)t
o tel,

— osMa—v/a)

Since ¢ > 1 we may choose v > 0 small so that ¢ — v/« > 1. Then take A € (0,1/2)
so that

(4.12) Mg —v/a) >

N =

We also have
sup el’\t*&ﬂ\U(t —&41)1 < csMa—v/a)

tels
This gives
sup LBL < ggra—v/a+0)
tels ’LU(t)
We now compute
L « ;
sup el Slet | IN U - &) | =D UE-§)
tels j=1 j=1
In this region U(t — ¢;) is dominant. So
k e k a
Ut —¢)
S U-g) | =v—g)y (143 LS
j=1 i Ult - &)
k
=U(t=&)"+) Ot -§UE-&)").
J#i
So
k Ty
sup e/ Silema || N U= ¢5) | =D Ut —¢))
tels j=1 j=1

k k
< Csup e’lt=&ilgoat Z Ut —=&)U(t - &)+ Z U(t—¢&)?

tels G0 Jj=1
The worst case is j = ¢+ 1 in the first sum

sup e =Silemat U (t — &)U (t — &)71
tels
B Oevfie*(afzﬁ)&*le*a&(qil) sup e—uteaqte(anB)tea(lI*l)t
tels
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If the sup is attained at ¢t = &;:

sup eVIt—fi‘eo'th(t — §1+1)U(t - é.’i)q_l
tels

— CeEi+1—&)+0(9] logd)) <05
If the sup is attained at t = A1 + (1 — A)&;:

sup e”lt—gi‘e"th(t — &)Ut = &)1
tels

< Cplam1-v/eN§28-a)/a(1-3) o] log
< Cé(q—l//a))wkl—?)\

Since A € (0,1/2), we have that (¢ — v/a)A +1—2X > 1/2 by (4.12).
By similar estimates in the remaining intervals we obtain the validity of (4.11)
with 8 = Mg —v/a) > 1/2. O

5. THE LINEARIZED EQUATION

In this section, given &1, ..., & € R such that (2.6) and (2.7) hold for some fixed
M > 1, we study the linear problem

k
(5.1) L(¢)=h+ ; ciZ; inR,
Jim o(t) =0,
where L is the operator defined in (2.10), and Z; is defined by
(52) Zi(t) = Ug(t = &m(t = &),

where n € C*°(R) is an even cut-off function, n > 0, such that supp(n) = [-R, R]
where R > 0 is a fixed constant. We will also use the notation

Zi(t) = Up(t — &).
The main result in this section is the following.

Proposition 5.1. Fiz M > 1 and assume &1,...,& € R satisfy (2.6) and (2.7).
Then there are 69 > 0, C' such that for 0 < § < §y and 0 < e < C9 there is a linear
operator T such that given h with ||h|. < oo, (¢,c1,...,¢ck) = T(h) solves (5.1).
Moreover

loll« < C|hll« and |e;] < C|hll« Vi=1,... k.
For 7 > 0,0 < v < « fixed and ¢ : R — R we define
(5-3) 1]l = sup (eFVEE|g(1)]) + sup (e |p(1)).
(2231 1<&1

Lemma 5.2. Assume 7 >0 and 0 < v < a. Given h with |h||1 < +oo, there is a
unique ¢ with ||¢||1 < 400 and ¢; € R such that
(5.4) ¢ — PP+ 2Up(t— &) p=h+c1Z, inR.
Moreover, there is C' > 0 such that
(5.5) [l < Cllhlly  and |e1| < C[[h]]1.
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Proof. By translation we may assume here that & = 0.
Let Uy be the function defined by (2.3) and z; = U}. Then

(5.6) z1(t) = —yn2 “acosh(t) /2 sinh(t)
and satisfies

(5.7) 20?24+ 22U Tl2=0 iR
and

21(0)=0 and 27(0) =—-2""ayy.
Let 29 be the solution to (5.7) with initial conditions
22(0) =1 and 25(0) =0.

To prove uniqueness observe that if h = 0, then multiplying (5.4) by z; we
deduce that ¢; = 0. Then ¢ must be a linear combination of z; and zs, and since
lolli < 400, ¢ = cz1 for some c. But again, because ||¢||1 < +o0, ¢ = 0.

Let us prove the existence. Suppose |||y < oo and [*_hz1 = 0. Define

2a o0 oo
(5.8) o(t) = (zl(t)/ zo(s)h(s)ds — zz(t)/ z1(s)h(s) ds> .
t t

QYN

Then ¢ is a solution to the linear problem

¢ —2p+2U2 to=h mR

and
(5.9) [¢llx < Clihllx.
Indeed, from (5.6) we have z;(t) = ce @It +-0(e= It} as t — 400 for some constant

c. Furthermore one can also prove that zo(t) = c/e®ltl 4+ o(e®l*l) as t — oo for
some constant ¢’ # 0. Then (5.9) follows from (5.8) and the behaviors of z;, 22 at

+o00.
In the general case, when h is not necessarily orthogonal to z;, we define
o0
S
=" &
[ 2z
and apply the previous construction to h + ¢1 7. (Il

For ¢ : R — R consider the norm

k -1
(5.10) 6l = sup <Ze”'tfi> ()]

=2

Lemma 5.3. Suppose that in the definition of || ||2 we take 0 < v < «. Then there
exist 0g > 0, C such that if 0 < § < §g and ||h|2 < oo there is a unique solution ¢
with ||¢ll2 < +00 and ca,...,ckx € R of

k k
¢ —ao+2°) Up(t—&)" 'o=h+) ¢Z; inR
(5.11) i=2 i—2

/MFOWﬁW&
R
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Moreover
(5.12) 1@l < Cllhll2, eil < Cllalla Vi=2,... k.
Proof. It is analogous to that of Proposition 1 in [2]. O

Lemma 5.4. Let 0 < v < min(2,«) and 7 > 0. Then there are 6o > 0, C' such
that for 0 < 6 < d¢ there is a linear operator Ty such that given h with ||h|l.« < oo,
(¢, c1,...,cx) = To(h) solves

k k
(5.13) ¢+ 2 Up(t—&)* 'o=h+> ¢Zi inR

i=1 i=1
Moreover
(5.14) 9|l < C||hll« and |e| < Clh|l. Vi=1,... k.
Proof. Define
(5.15) Wi(t) = 2°U(t — &)* ~1.

Let 11,12 € C*(R) be such that 0 < 9,72 < 1, and

m=1 in(—oo,(1+5)logd], m =0 in[(1+4)logd, o)
=1 in (—oo,(1+ 2)logd], 72 =0 in [(1+ 5)logd,o0).

We look for a solution of (5.13) of the form ¢ = ¢1 + ¢an2. For this it is sufficient
that ¢1, ¢o satisfy the following system

k
(5.16) U — a1+ Wign =(1 —m)h +c1Z1 — (1 —12) Z Wi

i=2
— 20575 — a1l

k k k
(5.17) ¢y — o + Z Wiy =mh + Z ciZi —mWigs —m Z Wi¢r inR.
=2 =2

— ; i—2

Define the operator ¢ = T1(h) to be the solution of (5.4) of Lemma 5.2 and ¢ =
T>(h) to be the solution of (5.11) obtained in Lemma 5.3. Then to find a solution
of (5.16), (5.17) with the correct bounds we are led to solve the system

k
(5.18) ¢1=T1[(1—m)h— (1—m2) > Wid1 — 2¢4m} — pon}]
=2
k
(5.19) ¢ = To[mh —mWige —m Z Wié1]
=2

We do this in the Banach space E consisting of pairs (¢1, ¢2) of functions ¢; : R — R
such that ¢9 is Lipschitz continuous and the following norm is finite

(01, P2)llE = D1l + i Pallz + (¥4l

where || ||1 is defined by (5.3) and || ||z in (5.10). We will verify that the operator
T : E — E defined by the right hand side of (5.18), (5.19) is a contraction on E.
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For this we estimate thanks to (5.5)

!
T3 [=(1 = n2) Y Wicy — 264m) — donf]|la

=2

k
< O =n2) Y Widnllr + I $arialls + b2 [11)

=2

Some computations show that

K
[[(1 = n2) ZWi¢1||1 < 5% || dalh

1=2

||¢/2772||1 = |1 5| ||¢2||2

||¢277 ||1 = |1 |2 ||¢2||2

Using (5.12) we have

k k
|To[=mWids —m > Wign]ll2 < CImWidsllz + m > Wit |)

=2 =2

By computation we obtain

ImWigallz < C825 || ¢a|o
and, if v > 1

k
3—v
Im > Wignll2 < C65 [lu
1=2
while if v < 1

k
Iy Widnllz < C6% |l

We see that if v < 3 then T is a contraction in E. O

Proof of Proposition 5.1. First, let us prove existence of a solution. Let W; be
defined by (5.15). Let us write equation (5.1) in the form

k
(5_20) ¢ = To[h + (Z W, — peaptvp—l _ qeoqtvq—l)¢]
i=1
where Ty is the operator defined in Lemma 5.4. Let X the Banach space of contm—
uous functions ¢ : R — R such that ||¢||. < oo equipped with the norm || ||..
observe that that by (5.14) we have

k
ITo[(D Wi — per' VP~ — e V) g] |

i=1

k
< CH ZWZ _peaptvpfl _ qegﬁvqil”Lw(R)H(b”*-
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A computation shows that

k
(5.21) I Z Wi — pe??' VP~ — qe7 ' VI || poe(g) = 0(1) as § — 0.

i=1

Indeed, let us estimate [|e”»" VP~ | L (). We have

p—1 p—1
k k
ea'ptvp—l _ eo'pt ZU(t _ é—]) < Ceapt Zea(t—ﬁj)(l + e2(t—£]~))—6
j=1 j=1
k
< Ceort Z ea(p—l)(t—gj)(l + 62(75*51‘))*1'
j=1

For t > ¢;

¢t 0=D(-6) (] 4 2-6))~1 < Cela-20)0-1(-6) < ell-ao)t;
because o, + (o — 28)(p — 1) = 0. Using that ¢ satisfy (2.6), (2.7) for some M > 0
we find for ¢ > &;

¢t r=D(=6) (] 4 20-6)) =1 < (=0 ((=D/a+1) < cgl=os,

For ¢ S é.j
e%tea(P—l)(t—fj)(l + 62(15—51))—1 < CerteP—1(E=8) < vt

< Ce8 < 0yorlU=D/atl) < ogl-oc
Therefore
||peaptvp—1||Lm(R) < Cél—aa'
The difference Zle W;—qee*V 41 in (5.21) can be handled similarly. This implies

that if ||h||« < oo then for €, > 0 suitably small (5.20) has a unique solution in X.
O

6. PROOF OF THEOREM 1.1

Let us fix an integer k > 2. From Proposition 4.1 there is a function e (A, d) > 0
and 6 > 1/2 such that if ¢ = ex(A, ) and § is sufficiently small then || E|, < C§°.
We claim that for 6 > 0 small enough and ¢ = e4(A, 0) there exists a solution ¢ to
the nonlinear projected problem

k
(6.1) Lo+ E+N(¢) =) ciZi,
i=1

such that ||¢[l. < A%, for a suitable constant A > 0. Here Z; are the functions
defined in (5.2). Indeed, let T be the operator defined in Proposition 5.1. Then we
obtain a solution of (6.1) if we solve the fixed point problem

(6.2) ¢+T(E—N(¢)=0.

Let us consider the Banach space X of all continuous functions ¢ : R — R with
|6]l« < +o0o with the norm || ||«. Let A > 0. Then for ¢y, ¢ € E with ||¢;]|.« < A9,
i = 1,2 one can check that

IN(¢1) = N(@2)[l« < Cad®||dr — d2ll
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for some a > 0. We conclude from this estimate and the boundedness of the
operator T that the fixed point problem (6.2) has a unique solution ¢ in the region
|6« < As? for some suitably chosen A. We will write this solution as ¢(A).

To find a solution of (2.9) it remains to verify that one can choose A = (Aq,..., Ag)
such that the constants c; in (6 1) are all zero. Testing equation (6.1) against
Z;(t) = Uyt — &) for i =1,..., k, we obtain

/¢LZ+/ N(¢ Z+/ Ez_cj/ 7,7;.

Therefore ¢; = 0 for all i is equivalent to

(6.3) /O; OLZ; +/Z N(¢)Z; +/O; EZ; =0

for all j. A calculation shows that

| otz [ N@z =00

as § — 0, where 0(d) a continuous function of A that tends to 0 is uniformly in the
considered region as § — 0 (for this it is important that [|¢[|. < C6? with 6 > 1/2).
Write £(v) = v” — a?v + e 7»%P + e %4tp?. Since E = £(V) and Z; = 9,V we

have that - -
/ BZ; - / EV)OV = De (V)

According to the expansion for I(V) in Proposition 3.1 and using the relations
(2.6), we see that the system (6.3) is equivalent to

Vo(A) +o(1) =0,

where the quantity o(1) goes to zero uniformly on the considered region for the
parameters A; and depends continuously on them. We recall that the functional ¢
possesses a unique critical point A*, which is nondegenerate. Therefore the above
equation has a solution that is close to A* for § > 0 small. O
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